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By GAUTAM CHINTA and OMER OFFEN

Abstract. We provide formulas for various bases of spherical Whittaker functions on the n-fold meta-
plectic cover of GL,. over a p-adic field and show that there is a basis of symmetric functions in the
complex parameter. In addition we relate a specific spherical Whittaker function to the p-power part of
the Weyl group multiple Dirichlet series for the root system of type A, constructed from nth order
Gauss sums. We also show that the zonal spherical functions can be computed explicitly in terms of
Hall-Littlewood polynomials as in Macdonald’s formula for GL,..
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1. Introduction. In this work we give formulas for the spherical Whittaker
functions on the n-fold metaplectic cover of GL, over a p-adic field. Our formu-
las generalize the formula of Shintani and Casselman-Shalika which deals with
the nonmetaplectic case (n = 1). Further we give an explicit relationship between
p-adic metaplectic Whittaker functions and the local parts of Weyl group multi-
ple Dirichlet series associated to root systems of type A, constructed by Chinta
and Gunnells [13]. Weyl group multiple Dirchlet series, first introduced in [4], are
Dirichlet series in several complex variables whose coefficients are built out of
Gauss sums and the nth order power residue symbol.

Recently, Brubaker, Bump and Friedberg [5, 6] have given an alternative con-
struction of Weyl group multiple Dirichlet series of type A,_1, thereby confirming
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a conjecture made in [7]. Moreover, in [5], they have shown that their series coin-
cide with the global Whittaker function of an Eisenstein series on the n-fold cover
of GL, over a number field containing the 2n-th roots of unity. The constructions of
[5, 6] involve a combinatorial description in terms of crystal graphs, while the con-
struction of [13], generalizing an approach introduced in [12], involves averaging
with respect to a certain Weyl group action. For this reason, the two approaches
have not yet been shown to produce the same multiple Dirichlet series except in
certain very special cases, see e.g. [11]. The results of the present work combined
with the work of P. McNamara [22] lead to the resolution of this problem, as we
now describe.

Using methods completely different from ours, McNamara also gives a for-
mula for the p-adic metaplectic Whittaker functions on the n-fold cover of GL, (in
fact of SL, but the two are comparable). As mentioned above, we use our formula
to show that (a suitably chosen) spherical Whittaker function coincides with the
p-part of the Weyl group multiple Dirichlet series constructed in Chinta-Gunnells
[13]. This is the content of Theorem 4 in Section 9. On the other hand, McNa-
mara’s formula for the spherical Whittaker function shows that it coincides with
the local part of the series constructed by Brubaker-Bump-Friedberg in [5]. Con-
sequently, the approaches of Chinta-Gunnells and Brubaker-Bump-Friedberg do in
fact produce the same series.

We now sketch the methods used in the proof of our generalization of the
formula of Shintani and Casselman-Shalika. Let n be a positive integer and let
F' be a non-archimedean local field that contains a primitive nth root of unity.
For every ¢ € Z/nZ Kazhdan and Patterson associated in [17] the c-twisted n-fold
metaplectic cover GL, (F)© of GL,(F). Itis a central extension of GL, (F) by the
group i, (F) of nth roots of unity in F'. It is not, in general, the group of F' points
of an algebraic group defined over [’ but it is an ¢-group in the sense of [3]. We
assume throughout the paper that n is relatively prime to the residual characteristic
of F. In a global setting over a number field this assumption is satisfied at almost
all places.

Zonal spherical functions for a p-adic reductive group were computed explic-
itly by Macdonald [20]. In [9], Casselman reproved Macdonald’s formulas using
the theory of unramified principal series representations. This point of view was
taken further by Casselman and Shalika in [10] where they explicitly compute the
spherical Whittaker functions for a p-adic reductive group, generalizing Shintani’s
formula for GL, [30]. The method of Casselman and Shalika has since been ap-
plied in many cases to compute spherical functions on p-adic symmetric spaces or
more generally on spherical varieties (e.g. [15, 25, 27]). See also [8], which extends
the method to the metaplectic double cover of Sp,, (F').

The main result of this work, specialized to the case n = 1, recovers the Shin-
tani, Casselman-Shalika formula for the spherical Whittaker functions of GL, (F")
in terms of the symmetric Schur polynomials. For general n, a central difficulty
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is the failure of uniqueness of Whittaker functionals (and therefore of spherical
Whittaker functions of a fixed Hecke eigenvalue). In [14], Y. Hironaka computed
explicitly the spherical functions on the space of non-singular Hermitian matri-
ces with respect to an unramified quadratic extension of p-adic fields. This is a
case where multiplicity one fails. Hironaka’s approach to the Casselman-Shalika
method in case of multiplicities (see Section 1 of [ibid.]) is our guideline for this
work. (See [26] for an earlier treatment of multiplicities by different methods.)

Roughly speaking, a spherical function can be expressed as the value of a cer-
tain linear form applied to translates of the unramified vector in an unramified
principal series representation. The idea behind the Casselman-Shalika method is
to reduce the computation for the value of the linear form on a translate of the
element invariant under the maximal compact subgroup to the computation of sim-
pler expressions for elements invariant under a smaller open compact—the Iwahori
subgroup. There are three main steps in carrying out the method.

The first has to do solely with the group and not with the particular linear form
we consider. It is an expansion of the unramified element of a principal series rep-
resentation in terms of a “well-chosen” basis of the Iwahori invariant subspace—
the Casselman-Shalika basis. In [28], Sakellaridis provides a formula for spherical
functions in the general setting of spherical varieties for a split reductive group
(this, however, does not contain our case as long as n > 1). His characterization of
the Casselman-Shalika basis simplifies the computation. In Section 3.3 below we
take this approach and construct the Casselman-Shalika basis for the unramified
principal series of Cf}iic)(F)

The second step is to obtain Weyl group functional equations between the
spherical functions. The unramified principal series representations are parame-
terized by a variable, say s, in some complex variety on which a related Weyl
group acts. Crucial to the computation of the spherical functions is to relate ex-
plicitly between the spherical functions associated to s and those associated to ws
for any Weyl element w. When n = 1, the space of Whittaker functionals of an
unramified principal series representation is one dimensional. There is then a one
dimensional space of spherical Whittaker functions for a given parameter s (i.e.
for a fixed Hecke eigenvalue) and the functional equations are therefore scalar val-

ued. For general n the space of Whittaker functionals for an unramified principal

. . —— (c
series representation of GL; )

(F) is of dimension W’M. This complicates
the computation of the functional equations. Once a basis of Whittaker functionals
for any parameter s has been fixed, there is a matrix associated to any Weyl ele-
ment w that expresses the basis for ws in terms of the basis for s. Such a functional
equation is provided in [17, Lemma 1.3.3]. We present it again in Section 5 below,
correcting some minor errors already pointed out in [1]. It is further pointed out
in [ibid.] that in order to justify the computation of Kazhdan-Patterson one has to
choose the metaplectic group defined by a block compatible 2-cocycle of GL,.(F)

as constructed in [2].
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The third step is the evaluation of the linear forms on translates of the Iwahori
invariant functions in the Casselman-Shalika basis. This, in our case, is not much
more complicated than in the n = 1 case and is the content of Lemma 7. This
lemma leads in turn to Theorems 1 and 2 (at the ends of Sections 4 and 6, resp.)
which give two different expressions for the spherical Whittaker functions as a sum
over the Weyl group.

Once Theorem 2 has been established, it is a simple matter to relate the spheri-
cal Whittaker functions to the local parts of the type A Weyl group multiple Dirich-
let series constructed by Chinta and Gunnells. After a short preparation in Section
8 this is done in Section 9. Along the way, in Section 7 we show that a basis of
spherical Whittaker functions can be chosen, so that their values at each point of

@TC are symmetric functions of the complex variable s. The Chinta-Gunnells lo-
cal component is not symmetric. Nevertheless, the functional equation satisfied by
Eisenstein series suggests that such a basis may play a role in the global theory.
Finally in Section 10 we show that the zonal spherical functions can be computed
explicitly in terms of Hall-Littlewood polynomials as in Macdonald’s formula for
GL,. Though zonal spherical functions are not the main object of study in this
paper, we include this short section as a further application of the utility of the
Casselman-Shalika basis computed in Section 3.3.

We now provide a brief description of McNamara’s work [22]. McNamara di-
rectly computes the spherical Whittaker function as an integral of the spherical
vector ¢ in the principal series representation over the unipotent group U. He de-
composes U into cells on which ¢ is constant. Remarkably, he shows a bijection
between this collection of cells and elements of a canonical crystal basis for the
quantized universal enveloping algebra U, (g), which then allows him to reproduce
the Gelfand-Tsetlin description of Brubaker-Bump-Friedberg [5] for the p-part of a
type A Weyl group multiple Dirichlet series. Equating our formula for the spherical
Whittaker function (given in Theorem 2) with his produces a purely combinatorial
identity: a sum over a Weyl group equals a sum over a crystal basis. It is striking
that to date the only means of proving this identity is via the theory of Whittaker

functions on the metaplectic group &ic) (F). It would be desirable to have a more
direct combinatorial proof of this identity. The insight gained by such a proof may
allow us to generalize the crystal basis description to other root systems.

Finally we remark that in an upcoming work McNamara generalized our work
to the setting of a metaplectic covering of any unramified reductive p-adic group
[21]. The Kazhdan-Patterson theory of principal series representations and inter-
twining operators for the metaplectic cover of GL, plays a key role in our current
work. This theory has recently been extended to metaplectic coverings of reductive
groups of general type by Savin [29], Loke-Savin [19] and McNamara [23, 21].
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2. Notation and preliminaries. Let F' denote a non archimedean local
field, O the ring of integers of I, p the maximal ideal of O, q the size of the residue
field O/p of F and w a uniformizer in p. Let |-| » be the normalized absolute value
on F and let v : F — ZU{oo} be the valuation on F such that |z| = ¢~*®). Denote
by F* the multiplicative group of F' and for every integer n let

F*"={a":z € F*}.

Fix a nontrivial character ¢ of F' and let dz be the self-dual Haar measure on F’ with
respect to 1». We shall assume throughout that ¢ has conductor O. Thus vol(O) = 1.
Fix a positive integer r and let G = GL,.(F'). The Iwasawa decomposition gives
G = BK = AUK where U is the group of upper triangular unipotent matrices in
G, A the group of diagonal matrices in GG, B = AU the standard Borel subgroup
of upper triangular matrices in G and K = GL,.(O) the standard maximal compact
subgroup of (G. We denote by 17 the character of U defined by

¢U(u) = ¢(U1,2+"'+U7~,1,r>, U= (um-) el.

Denote by 200 the group of permutation matrices in G and identify it with the Weyl
group of G. We will also identify 20 with the group of permutations of {1,...,r}
via

w = (8(5))-

Let

o={(i,j): 1<i,j<r i#j}

be the root system associated with G. It is a root system of type A,_; with Weyl
group 20. The action of 20 on @ is given by w(7,j) = (w(i),w(j)). Let

A={(i,i+1):i=1,...,r—1}

be the set of simple roots with respect to 5. We will sometimes find it convenient
to think of the roots as embedded in an r-dimensional lattice A which we identify
with Z". Under this embedding the simple root (7,7) corresponds to the vector
e; —e; € A, where the e; are the standard basis vectors in A. The action of 20 on
A via permutation matrices is compatible with this embedding and the action of 2
on .
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If i < j the root aw = (i, ) is positive and we write a > 0. Otherwise we write
a < 0. Let

d (w)={a>0:w'a<0}

and let /(w) = |®~ (w)| be the length of the permutation w. If w, denotes the
simple reflection associated to ov € A then

S lw)+1 ag P (w)
Hwaw) = {e(w) 1 acd (w).

Denote by wy € 20 the longest Weyl element, i.e. the unique w € 2 that takes
all positive roots to negative roots. For every root o € ® let u, : F' — G be the
associated one parameter subgroup and let U, be its image. If o > 0 then U, is
a subgroup of U. Otherwise U, is a subgroup of the group U of lower triangular
unipotent matrices. For every w € 20 we denote by U,, the group generated by U,,,
a € &~ (w). Then, the imbedding of U,, in U defines a bijection

Uy ~ (UNwUw H)\U.

The Haar measure on U, will be taken according to the isomorphism with F'.
On U,, (and in particular on U = U,,,) we will use accordingly the product Haar
measure. It is normalized by the requirement that

vol(Uy,NK) = 1.

2.1. The metaplectic n-fold covers of GL,. Fix a positive integer n and
let

pn(k)={zek: 2" =1}

be the group of nth roots of unity in a field k. Assume from now on that F' is such
that |p, (F)|=nandlet (, ) =(, )Fn: F* x F* — p,(F') be the nth order Hilbert
symbol. It is a bilinear form on F'* that defines a nondegenerate bilinear form on
F*/F*™ and satisfies

(.T,—.T):(.T,y)(y,l‘):l, fC,ZJGFX-
In particular (x,—1) = (x,x) € {£1} is a sign which is also an nth root of unity
(and therefore always equals 1 if n is odd). We denote by ¢ = g, r the sign deter-
mined by

0= (@,@) = (w,~1).
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Associated to every 2-cocycle o : G' x G — p,(F) there is a central extension ¢
of G by p, (F) satisfying an exact sequence

1 — pun(F) G266 — 1.
We call G a metaplectic n-fold cover of G. As a set, we can realize G as

@ZGXMn(F):{<g,C>3g€G, Ce,un(F)}

The embedding ¢ and the projection p are given by

(¢)={e,¢) and p({g,¢)) =g

where e denotes the identity element of G. The multiplication is defined in terms
of o as follows,

(91,€1) (92,0) = (9192, C1C20(91,92)) -

For any subset X C G let

X=plXx)Ca.
We also fix the section s : G — G of p given by s(g) = (g, 1). Then for g;, g € G
we have

s(91)s(92) = (9192,0(91,92)) -

For 2-cocycles in the same cohomology class the associated metaplectic coverings
are isomorphic. Kazhdan and Patterson provided in [17] 2-cocycles o) parame-
terized by ¢ € Z/nZ that exhaust all cohomology classes (but do not necessarily
all lie in different cohomology classes). They are related by

(2.1) o (g1,92) = 7 (g1,90) (detgi,det o), g1,92 € G.

We take 0(®) = 7. to be the block compatible 2-cocycle on G constructed in [2]
and let o(¢) = 0'7(~C be related to 0'7(~0) by (2.1). It is the unique family of 2-cocycles
that satisfies the three properties (2.2), (2.3) and (2.4) below.

Ifr=r;+--+rgand g;, g, € GL,, (F) fori =1,... k then

o
)

aﬁc)(diag (91,---,9),diag (g1,...,95))

k
= [HG,E? (gugé)] T (detgi, detg)) " (detg;,detg;)*
i=1

1<j

2.2)

The 2-cocycle Ugo) is the trivial one, i.e.

(2.3) o\ (z,y) = (x,9)°, z,y€F*.
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The 2-cocycle O'éo) is the one explicitly described by Kubota. That is,

x(9192)  x(9192)
x(g1) " x(g2)detg,

x(g)z{z zig forg:(i Z)

Throughout the paper we fix the positive integers r and n and the modulus

class ¢c € Z/nZ and let 0 = aﬁc). Note that the restriction of o to A is given by

2.4) o\ g1,00) = ( ) (det gy, detgy)°

where

2.5) o(a,a') = [T (@,a)) | -]] (asd})"

1<J i,

for a = diag(ay,...,a,) and ¢’ = diag(a},...,a.).

oy Uy

The group U splits in G. In fact S| is an imbedding of U in G Furthermore,
we have

(2.6) o(urgiuz, gouz) = o(gi,u292), 91,92 € G, uy,uz,uz € U.
Note that this implies that for every v € U and b € B we have
(2.7) bs(u) b~ =s(p(b) up(b)™")

and in particular that s(U) is normal in 5.
We fix the decomposition

n = niny where ny = ged(n,2rc+r—1)
that plays a role in the structure of (the center of) G. Let
Z={ze:a* " e P},

Then Z is the center of G (and of B) [17, Proposition 0.1.1]. We make the follow-
ing simple observation.

LEMMA 1. We have
Z:{xe:xEFX”Z}.

Proof. We need to show that F*™ = {z € F* : z?"*"~1 € F*"} If x is an

npth power then, since n; divides 2rc+r — 1, it is clear that 22retr=1 g an nth
2re+r—1

power. If 227¢t7=1 = ™ for some y € F* then x ™ 3 "™ is an n;th root of

unity. Since F' contains a primitive nth root of unity, there exists ( € F'* such that
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2rcet+r—1 .
x ™ = (Cy)™. Note that gcd(ny, 27’%1“1) = 1 and therefore x is also an n;th

power. ]

For the rest of this work we assume that |n|, = 1. Under this assumption we
have

(2.8) (ur,u2) =1, wy,up € O,

The group K also splits in G. There is a map x : K — ju,(F) such that g —
x*(9) = {g,x(g)) is a group homomorphism from K to . We denote its image by
K*. The splitting £* is not unique, but its germ at the identity is. We shall fix x
such that * is what Kazhdan-Patterson refer to as the canonical lift of K to G. It
is characterized by the property that

* * *
(29) S\AOK = K|AQK7 S‘Qﬂ = I€|m and S\UOK = K|UQK

[17, Proposition 0.1.3]. The topology of G as a locally compact group is determined
by this embedding. For every subgroup K of K denote by

Kj = r"(Ko)
its image in /*. Note that the Iwasawa decomposition of G gives G = s(U)AK*.

2.2. Spherical Whittaker functions. Let € : u,,(F) — p,(C) be an iso-
morphism, fixed once and for all.

Definition 1. Let Q be a subgroup of G. A function f : Q — C is called e-
genuine if

FQ)g) =€) f(9), g€ Q, CEpn(F).
Consider the e-genuine spherical Hecke algebra

H(G,K*)={f:G — C:supp(f) is compact and
FQ)kighks) = €(Q)f(9), k1.kr € K*, g€ G, ¢ € un(F)}.

The Hecke algebra H¢(G,K*) acts on the space C*¢(G/K*) of right K*-
invariant, e-genuine functions on G by the convolution

2.10) frdlz) = /G £(s(9))6(s(9)" ) dg

where f € H(G,K*), ¢ € C=(G/K*) and x € G. Note that the function g +
f(9)d(g'x) on G is (pu,(F))-invariant and that the integration is over G ~
W (F)\G.
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Definition 2. An e-genuine spherical Whittaker function on G is an element
W € C=¢(G/K*) so that

W(s(u)g) =vu(u)W(g), uel geC
and W is a common eigenfunction of H¢ (G, K*).

The spherical Whittaker functions on G are the main objects of study of this
work. Our main tool is the Casselman-Shalika method that is based on the theory
of unramified principal series representations and that we now recall.

3. The unramified Principal series of G. The unramified principal series
representations of G were introduced in [17, Section 1.1]. We recall the construc-
tion of Kazhdan and Patterson. Consider the subgroups A" C A, C A defined by

A" = {a:diag(al,...,ar) c€A:a;c FX"}
and
A, = A, Z where A, = {a =diag(ay,...,a,) € A:v(a;) =0(n)}.

The group A, is what Kazhdan-Patterson called the standard maximal abelian sub-
group of A (denoted by H, in [loc. cit.]). It is normalized by s(20). In fact we
have

o(m,m’)=1, m,m’ €s(W)A..

This follows from the characterization of the block compatible 2-cocycle given in
[1, (1.2), (1.4), (1.5)] and the fact that o is trivial on A, x A, (that follows from
(2.8) and (2.5)). This implies that

(3.1) s(w)s(a)s(w) ' =s(waw™"), weW, a€ A,
For s = (sy,...,5,) € C" we denote by x, the (non-genuine) character of B
defined by

(2 x.((diaglar....a)u.Q)) = [[lail, ai€ F*, ueU, ¢ e ua(F).
i=1

Any character of a subgroup A’ of A will automatically be considered as a character
of A’s(U) which is trivial on s(U). Set B, = A.U.
Let w be an e-genuine character of A7 and let w’ be a character of A, that
extends w. Define the principal series representation associated to w by
I(w) = ind%, ().

%
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This is the representation of G by right translations (R(g)¢)(z) = ¢(zg), g,z € G
on the space of functions ¢ : G — C that are right K-invariant for some open
subgroup K of K and which satisfy

~ ~ r—1r-3 1—7r
©(bg) = (xpw')(b)w(9), beB*,gerhere/J:( >

> Ty T,

Although the realization of the representation [ (w’) does depend on ' its equiva-
lence class is only dependent on w. The character w of AnZ is called unramified if
a+ w(s(a™)) is an unramified character of A, i.e. if w is trivial on A” N K*. Tt is
called normalized if in addition w7 . is trivial. The representation I(w’) is then
called a normalized, unramified, principal series representation. Every e-genuine,
unramified character w of A"Z can be twisted to a normalized one, i.e. there is a
quasicharacter x of F* such that w(x odetop) is a normalized unramified charac-
ter of AnZ [17, Lemma 1.1.1]. It follows that if w is unramified then the associated
principal series representation (w’) can be twisted to a normalized unramified one.
If w is an e-genuine, normalized unramified character of A"Z then there exists a
unique extension w’ of w to A, such that w" Ank: = 1 [17, p. 60]. This is referred
to as the canonical extension. The K*-invariant subspace I(w')%" of I(w') is then
one dimensional [17, Lemma 1.1.3]. Let o = @i (w') € I(w')X" be normalized
by ¢k (s(e) : w') = 1. The normalized spherical section is also given by

W) (b =bk,be B,, ke K*
oxc(g:w) = (w)(b) g=b :
0 g ¢ B.K".

3.1. Parameterization. Let w be an e-genuine, normalized unramified
character of A"Z and let s = (s1,...,s,) € C" be such that

(3.3) w(s(a)) =[[la:l*, a=diag(as,...,a,) € A™.
=1

Note that the entries s; of s are only determined by w modulo 2:1\0/;2' IfseCr

satisfies (3.3) we say that s is an exponent of w.

LEMMA 2. Let w be an e-genuine, normalized unramified character of A"Z
and let s = (s1,...,5,) € C" be an exponent of w. Then there exists a unique ¢ €
tan, (C) satisfying

(n1=Dn

(3.4) M= e(g)%(zrc‘”_l) )

such that

(3.5) W(S(wme)) — Cq_”2(51+“'+sr),
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Every pair (s,() with s € C" and { € oy, (C) satisfying (3.4) determines uniquely
an e-genuine, normalized unramified character wg of ArZ satisfying (3.3) and
(3.5). If (t,n) is another such pair then ws c = wy y if and only if

qfnsi —_ q*nti’ i = 1 T and Cq na(si+-+sy) — annz(tH“"thT)‘

Proof. Tt follows from (2.5) and a simple induction that for every x € F* and
integer m > 0 we have

(m—1)m

(3.6) s(ze)™ = 1(p) 2 Zretr= U@ T g (1),

Applying (3.6) to x = @™ and m = n; we get that

(nj=n

s(wnze)m _ L(Q)%(%c-i-r—l)

and therefore

r ny—1)n
)7(2rc+7‘—1)%q—

w(s(wnze))m _ 6(9 TZ(S]+"'+ST)'

Thus, ¢ = w(s(@™e)) g™ 17 +57) indeed satisfies (3.4). Clearly, (3.5) defines ¢
uniquely. This proves the first statement of the lemma. Fix a pair (s,() as in the
statement of the lemma. By Lemma 1 a character w, ¢ as desired, if it exists, is
determined by its restriction to s(A™) and its value on s(ww"2e). Therefore the char-
acter is uniquely determined by (s,(). We now show that such a character wy ¢
exists. It follows from Lemma 1 that for any a € Z A" there exists u € O*™ and
k € Z such that p(a) € uww™* A", Assume that

3.7) (1) s(ure)s(w™e) 1 s(ar) = (&) s(use) s(w™e)* s(ay) € A"Z

with ; € pn(F), ki € Z, u; € O*™ and a; = diag(at,...,at) € A", i =1,2. To
show that w, ¢ can be well-defined we need to show that

3.8) (Cl)Ckl —naki(si+-+sr) H‘QIFJ = Ckz —naka(s1+-+sr) H‘CLZ‘SJ

Jj=1 Jj=1

Applying the projection p to both sides of (3.7) we have
(3.9 @ Mura; = @™ uya,.
Comparing valuations of each entry we see that

ok —HJ(a}) = ko +U(CL§), j=1,...,7.
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This implies in particular that

(3.10) q*”2kl s1++sy) H‘al‘sl — *nzkz (s1+-+sr) H‘QZ‘S]
7=1

and that

(3.11) ki=k, modn;.

Without loss of generality we may assume that k, > k;. From (3.9) and (3.11) we
see that u; 'uy € O*™ and

UGG Y =s(@™e)™ Ms(u; tuge)s(ay ag) = s(@™e)™ Fis(uy tuza Lay).

Applying (3.6) again it follows that

(ko —ky—1)(ka—k7)
ClCz _ % 2rc+7‘—1)n2%

On the other hand

(ny—1)n ky—k CD(ky—k
(2retr— 1)]— . 11 :E(Q)%(%c-i-r—l)nzi(nl )(22 1)'

Bk = (o)

Note that
ky—ky (ko—k
=Dl —k) _ (n—Dlk—k) S )
? 2 ? 2 : 2
and since " = 1 we get that
(3.12) M =G ).

From (3.10) and (3.12) we get (3.8) and the existence of w . The last equivalence
condition of the lemma is now straightforward from the requirements (3.3) and
(3.5). O

For the rest of this section we fix s € C" and ¢ € oy, (C) satisfying (3.4), set
w = wg ¢ and let w’ be its canonical extension to A,.

3.2. Intertwining operators. For w € 20 let ww be the character of A"Z
defined by

(ww)(a) = w(s(w) ™ as(w))

and similarly, denote by ww’ the canonical extension of ww to A,. An important
role in the study of the principal series representations is played by the intertwining
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operators T, : I (w') — I(ww'). They were studied in [17, Section 1.2] and we now
recall some of their properties. If s satisfies

(3.13) Res; > Res; for all 4 such that (i,i+1) € (v ")

then T, is defined for ¢ € I(w’) by the absolutely convergent integral

(3.14) Tw (g):/U ¢ (s(wou)g) du.

For general s the value of this integral can be regularized as follows. Using the de-
composition G = BK*, the character x, of B (see (3.2)) can be extended uniquely
to a right K *-invariant function on G, that we denote by Y. For ¢ € I(w') we
define the holomorphic section ¢; € I(Xt“g*w’) by o1 = Xt o, t = (t1,...,t,) € C".
Let

Lz)=(1-¢ %", zeC

be the local zeta function of F' and for a = (i,5) € ® let Lo (s) = L(s; —s;). The
function

t— | ] Za(nt+s)" | Tue

acd— (w)

defined for all ¢ such that s+ ¢ satisfies (3.13) is in fact a polynomial in
g,...,¢"t. For s such that Haeq,_(w_.)La(ns)_l # 0 this allows us to
define T3, by

(3.15) Ty = II Zans) I Za(nt+s) "] Twer
acd—(wT) acd™(w) [t=0

It gives the regularization of the integral (3.14) and we symbolically denote it by

Tuols) = | " o(s(wou)g) du.

We call s or w regular if for all w € 20\ {e} we have w # ww, i.e. if for all
i # j we have

2w/ —1

Z.
nlogq

Si—8j€

Thus, for every regular w and every w € 20, T, is defined on I(w’) by (3.15). For
the normalized K *-invariant element we have

(3.16) Twpr (W) = cu(s) px (ww')



A METAPLECTIC CASSELMAN-SHALIKA FORMULA FOR GL, 15

where

L(n(si —s;))
L(n(s;—s;)+1)

cw(s) =
(4,5)€®~ (w™")

For every wy, w, € 20 we have the following equality of intertwining operators
from I(w') to I(wjwyw’)

(3.17) T T, = Cu, (W25)Cun ()
Cuyw, (5)

Ty w, -

Recall further that

Cupy (W25)Cuy (5)

Cuyuwy (8)

(3.18) = 1 whenever {(wjws) = {(w;) + £(ws).

3.3. The Iwahori invariant subspace. LetZ denote the Iwahori subgroup
of K compatible with B. It is the group of all matrices in K with upper triangular
projection to GL,(O/p). The Casselman-Shalika method is based on an explicit
expansion of ¢ in terms of a carefully chosen basis, convenient for computa-
tions, of the Iwahori invariant subspace I(w’)%" of I(w'). Next, we select the basis
adopting the approach of Y. Sakellaridis (cf. [28]). As it turns out, this generalizes
the basis used in [9, 10] (see Remark 1 below).

For every a € Alet (, : A — y1,,(F) be the homomorphism defined by

L(Ca(b) =aba b7, beA.

Since A, is a maximal abelian subgroup of A it follows that (y 1is trivial on A,
if and only if a € A,. Note that (, is trivial on ZA" for all a € A. Since A, =
ZAn(AN K*) we get that (, is trivial on AN K* if and only if a € A,.

LEMMA 3. Forevery ¢ € I(w')T the support of ¢ is contained in B, K*.
Proof. The group G has a disjoint decomposition

(3.19) G= U U B.as(w)T*
ac A, \A weW

and therefore ¢ € I(w')?" is determined by its values ¢(as(w)) for w € 20 and
a € A. The decomposition (3.19) gives in particular

B.K*= U _B.s(w)T*.
weW

Fix a € A and let ap € ANK C Z. It follows from (2.9) that x*(ag) = s(ag).
Therefore, on the one hand we have

p(as(w)s(ao)) = p(as(w)),
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and on the other hand by (3.1) we have
as(w)s(ao) = as(waguw)s(w) = 1(Ca(s(wagw™")))s(wagu " as(w).
Consequently
p(as(w)s(ao)) = e(Ca(waow ")) plas(w)).

It follows that if ¢ (as(w)) # 0 for some w € 2 then (, is trivial on A, N K* and
therefore that a € A,. The lemma follows. |

It is easy to verify that for every w € 2 there exists a unique element ¢,, =
(W) € I(w) that is supported on B,s(w)Z* and such that ¢, (s(w)) = 1. Tt
follows from Lemma 3 that the set

B = {pyw:w e W}

is a basis of 7(w')L" and we have
PK = Z Pw-
weW
This expansion of ¢ is, however, not very useful for our purpose. We will soon
see that the set

By = { T, (w'W') s w € 2}

is a basis of I(w')%; this is in fact the basis we are after. In order to see that B is
indeed a basis we will show that the transition matrix that expresses the set ‘B, in
terms of the basis B is upper uni-triangular and in particular invertible. For this
purpose we need to recall an elementary property of products of Bruhat cells in G.
For w € 2 let C'(w) = BwB.

LEMMA 4. For every wy, ws € 20 we have

(3.20) C'(wy)C(wy) C < C(w)) UC(wjwy).

U
L(w)<l(wy)+L(ws)

Proof. If £(w;) =1 then C(w;)C(w2) € C(wjwy) U C (wy) by the Tits system
formalism (see e.g. [16, Section 28.3]) and in particular (3.20) holds. The lemma
follows by a simple induction on £(w;). O

LEMMA 5. The set B, is a basis of I(w')T .

Proof. We will show that

(3.21) T Pwo — Pw € p ,69 C ur-

w')>l(w)
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This puts B, in upper uni-triangular relation with 5, and therefore 5, is indeed a
basis. By Lemma 3, for every ¢ € I(w')%" we have

o= os(w))puw.

weW

Using the change of variables w — wwy, to get (3.21) it is therefore enough to
show two things:

(1) Typu, (s(wwp)) =1, and

(2) if w' € W\ {wwp} is such that Tyypu, (s(w')) # 0 then £(w') > L(wwy).
We first show the second statement. Recall that

P

Supp(Puy ) = Bus(wo)I™ € C (wo).

If s(w™lu)s(w’) lies in C(wp) for some u € U, then in particular w~'uw’ €

C(wp), i.e. C(w1)C(w') contains the open cell C(wy). It follows from Lemma 4
that either w’ = wwg or £(wg) < £(w) +L(w'), i.e. L(w") > L(wy) — 4 (w) = £(wuwy).
In the region of convergence of the integral (3.14) it follows that if T3, ¢y, (s(w')) #
0 then either w’ = wwy or £(w') > ¢(wwy) and by meromorphic continuation the
same holds in general. It is left to show that T,y (s(wwp)) = 1. Again, using
meromorphic continuation it is enough to show this in the region of convergence.
Note that if u € U,, is such that w™'uwwy € BwyZ then there exists b € B and
uy € UNZ such that w'uwwy = bwoue and since w'Uy,w C U we get that
b= (wuw)(wo(ug) 'wy ') € BNU = {e}. In particular u € U,, N K. This im-
plies that

(3.22) Ty (s(wo)) = /U  unls(w u)s(wun) o

Butif u € U, N K and w; = wwy then
s(w ™ u)s(wwo) = s(wo)s(wr) ~'s(u)s(wy) = s(wo)s(w; uwy) € s(wo)Z*.

Here the first equality follows from (2.9) and the second holds since in addition
w; 'uw; C UN K. Therefore by (2.6)

1

o(wflu,wl) =o(w; uwlwl_l,wl) = a(wl_l,wl) =1.

This implies that the integral in (3.22) is over the constant function 1. From our
normalization of measures we indeed have

Towpu (s(wwp)) = 1.
This shows (3.21) and completes the proof of the lemma. U

As an almost straightforward consequence we now have
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LEMMA 6. The expansion of @ in terms of the basis *B, is given by
~1

o) = X S D T o).
wew W

Proof. By Lemma 5 there are constants a,(s) such that
(3.23) o= 0u(s) TuPuy
we

It follows from the property (3.21) and the proof of Lemma 5 that 7',y (€) equals
1 if w = wq and 0 otherwise. Therefore evaluating (3.23) at e we get that

(3.24) Oty (5) = 1.

Now apply an intertwining operator 7}, to (3.23). On the one hand

Tk (W) = cw(s)pr (W) = cu(s) Y aw(w's)Typu, (w™'w'w).

weW

On the other hand by (3.17) we get that

Tw’(pK(w/) = Z aw(s) T wPwo (wilw/)

weW
()5 S () o ')
= Cy/ ﬁ w w'w Pwy
POSRTEE
B Cluty-1p (W 0" s) T T
—CW’(S)Z P s Ayt (8) TPy (W W'W').
weW

Now comparing the coefficient for w = wy for the two expansions of T,y x (W)
and taking (3.24) into consideration we obtain that

c(w,)qwo(walw’s)

Cuyp (walw’s)

a(w’)*]wo(s) = 1,

cwo(w’]s)

——. The lemma follows. U
cyw(wls)

i.e. that v, (s) =

Remark 1. The proof of Lemma 5 together with (3.17) and (3.18) also shows
that for w, w’ € 20 we have

1 ww=wy

Tw’ w‘pwo(e) = {

0 otherwise.

In particular, in the case n = 1, *B, is the basis used by Casselman and Shalika
reordered.
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As we shall see, this basis proves useful for computation of the Whittaker
spherical functions. In Section 10 we further demonstrate the utility of the above
expansion of ¢z by computing the zonal spherical functions for G.

4. Spherical Whittaker functions. Whittaker functionals on the principal
series representations of G were defined and studied in [17, Section 3]. We re-
call the relevant results, introduce the associated spherical Whittaker functions and
compute them in terms of the Kazhdan-Patterson functional equations.

For the rest of this work fix a root of unity (y satisfying (3.4). We often sup-
press from our notation the dependence of objects on (p. Let s € C", w = w; ¢,
the e-genuine, unramified, normalized character of A”Z associated to (s,() by
Lemma 2 and let «’ be its canonical extension to A,. Denote by Wh(w') the
space of Whittaker functionals on I(w’), i.e. the space of all W € I(w)* such
that W(R(s(u))¢) = Yy (u)W(p), u € U and ¢ € I(w'). From [17, Lemma 1.3.2]
we have that

dimc Wh(w') = |/~1*\/~1‘ =nyn’ 1.

For every a € A Kazhdan and Patterson associated a Whittaker functional W, €
Wh(w') defined by

W) = Walp: o) = /U " p(as(uwou))by (u) " du, o€ I(w).

As is the case with the intertwining operators, the integral is absolutely convergent
whenever Res; > --- > Res, and for general s we write f; for the regularized
integral that provides the meromorphic continuation. It is easy to see that

4.1) Waa(W') = (xow) (@)W, (W), o € As, aeA.

Furthermore, it follows from [17, Lemma 1.3.1] that for any set of represen-
tatives I' for A,\A the set B(I') = {W, (') : v € T'} is a basis for Wh(w').
If I” is another set of representatives for A,\A then the basis B(I") is pro-
portional to B(I') and for every w € 20U there is a transition matrix D,,(s) =
DY (s) = (7y,4/(w,5))er yer between the | A,\A|-tuples (W, (wew') o To,)er
and (W,/(w"))yer such that

Wy (ww') 0 Ty )yer = Dy (s)(Wy (W/))'y’el“’-

Note that, as the notation suggests, the matrix coefficient 7., ,/(w,s) depends on -y
and 7/ but not on the sets I" and I in which they lie, the coefficient Ta,a (W, ) is
now defined for any two elements a, a’ € A (even if a # o’ but A,a = A.a’).

In Section 5 we provide the Kazhdan-Patterson formula for 7, o (w, s). In this
section we compute the spherical Whittaker functions in terms of D,,(s) by the
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Casselman-Shalika method. For every a € A define the e-genuine, spherical Whit-
taker function W, by

Walg) = Walg: ') = Wa(R(9)¢k : '), geG.

Expanding @5 according to Lemma 6 we obtain

4.2)

Expanding (4.2) further we get that

Cuy (W™ ls
4.3) Wy(g) = Z Lls)) Z Taﬂf(w,w_ls)Wﬂ/ (R(g)gowo : w_lw').

— cyp(w™ ot
Since
4.4) Wa(s(u)gk) = Yu(w)Walg), uel, g€G, ke K
and G = s(U) AK* it is enough to compute W, on A. Set

In

A™ = {diag(ay,...,a,) € A:v(a)) >v(az) - >v(ay)}.

the following lemma we compute the term W, (R(b)py, : ') for every a, b € A.

As a consequence we get that 1, 5 is supported on A~ and that for g € A~ there
is a unique ' such that the inner summand in (4.3) associated to 4 does not vanish.
For b € A set

of

b* = s(wo)b 's(wo) ! € A.
LEMMA 7. Fora,b € A we have

X2 (0) (x,) (@)™ be A~ and A.a = Ab*

Wa(R(b)pu, : ') =
(R(b)puy ') {0 otherwise .

Proof. We prove the lemma using the integral definition of W, in the range
convergence. The lemma follows in the general case by meromorphic con-

tinuation. Note that for any u € U we have as(wou)b € B,s(wy)Z* if and only

if

as(wo)bs(wg)™' € A, and b~'ub € U N K. It further follows from (2.7)
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that bs(U)b~! = s(U). Since B,s(wy)Z* is the support of ¢, it follows that
Wa(R(b)py, : w') = 0 unless a(b*)~! € A,. If this is the case we have

WalROew )= [ st )

After a change of variable v — bub~!, we apply (2.7) to obtain

1

Wa (R(b)sowo) = XZp(b)/ Pwo (a’s(w0) bs(u))¢U (p(b)up(b)il)i du

UNK
1

=X2p(b)¢wo(a8(wo)b)/ Yy (p(d)up(d)™") " du.

UNK

The character u +— 1y (p(b)up(b)~!) is trivial on U N K if and only if b € A It
now further follows that W, (R(b)@y,) =0 unless b€ A=, If b€ A~ and A,a =
A,b* then

Pwy (as(wO) b) = Py (a(b*)il : S(wo)) = (Xpw/) (a(b*)il)
since by definition ¢, (s(wo)) = 1. The lemma follows. O

We conclude this section with

THEOREM 1. Fora, b€ A we have W,(b:w') =0 unless b € A~ In this case

bew) = b Cup(w”'s) ~1
4.5) Wa(b:w') = x2,(b) Z mv’a,b*(w,w s).
weW
Proof. Apply Lemma 7 to (4.3) and choose I'" such that b* € T". O

In the following section we review the functional equations of Kazhdan and
Patterson which give a formula for the coefficients 7, - (see Proposition 1 below).
Then in Sections 6, 7, and 8 we present analogous formulas for different sets of
bases of spherical Whittaker functions.

5. The functional equation. The functional equation for the Whittaker
functionals of normalized, unramified principal series representations was obtained
by Kazhdan and Patterson [17, Lemma 1.3.3]. Minor corrections were pointed out
in [1, Proposition 2.3] where they considered the special case r = n — 1. In par-
ticular, it was pointed out by Banks-Bump-Lieman that to justify the computation
of the functional equation, it is essential to use, as we do, the block compatible
2-cocycle given by [2]. In this section we present the explicit description of the
functional equations. That is, we provide formulas for the coefficients 7, (w, ).
The upshot is that (4.5) becomes an explicit formula for the spherical Whittaker
functions.
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Recall that A = Z". Introduce the variables
Y= (yl,...,yr) where y; = ¢~ %
with the 2J-action
wy = (yw”(l)"'”yw’l(r))'
Set

y)\:yf\]yg\zyﬁ\r fOrA: (A17...,)\T) EA

Note that (wy)* = y© "X By abuse of notation, we further set cw(y) = cw(s),
w € 20. Thus,

L—q (&)
Cw(y) = H 1_(£y)]n .
i<j Yj
w(d)>w(f)

Similarly, for a, b € A and w € 20 we write Tap(W:y) =Top(w, s). It follows from
the equivariance (4.1) that for every w € 20, a, @’ € A, and b, b’ € A we have

(5.1) Tabary (0 1Y) = Xp(a(a’) ") (ww') (@) o' (@) mp (w2 ).

For any wy, wy € U and any sets of representatives I', IV, I'” for A,\ A the multi-
plicativity (3.17) of the intertwining operators implies the cocycle relation

59 DL _ Cuywy (8) Do DU (6.
62 ) s, () D (025D )

It follows from (5.2) that

Cunws (Y)

m Z Ta»’Y(wl :U}Zy)Tmb(wz 1Y)

e\

(5.3)  Tap(wiwriy) =

b

for any a,b € A. Note that the summands are independent of coset representa-
tives for y € A,\ A. The property (5.3) reduces the computation of the coefficients
Tap(w 1 y) to that for w a simple reflection. Define the sublattice Ag of A by

Ao = {()\1,...,)\7,) EnzA:)\i—)\H] =0 (modn), 1= 1,...,?”—1}.
For a € A such that p(a) = diag(ay,...,a,) let

f(a) = (v(ar),...,v(ar)) € A.
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Then a € A, if and only if f(a) € Ag. For k € Z/nZ we denote by g¥ (k) the Gauss
sum defined by

ueO* /14p
For a simple reflection w,, a« = (i,i+1) € Aand A = (Ay,...,\,) € A set
wa[)\] = ()\1,...,)\1‘_1,)\1‘4_1 -1, N+ 1,)\1‘_,_2,...,)\,«).

By composition, this defines an action (w,\) — w[A] of 20 on A (the Coxeter
relations are easily verified). We also define w = diag(w)" yen ,w’\r) € A.

PROPOSITION 1 (Kazhdan-Patterson). Let o = (i,i+1) € A and let a, b € A.
We have

Tap(Wa 1Y) = Té,b(wa y)+ Tg,b(wa %)

where T;b(wa :y) are defined by the following properties:

Téoa,bob (wa : y)

= Xp(aoby ") (wat)(ag)w' (bo) ' 75 p(wa 1Y), a0, bo € Ay, i = 1,2
For \, N € A we have

Tsl(wk) S(wy)(wa :y) =0 unless A — X € Ay

2
Ts(@) s(wV)

(wa 1 y) = 0 unless X —wu[N] € Ao,

/\i—ki+1j

(Yis1/y)" "
1= (yi/yiv1)"

Tate) sy (Wa 1) = (1=¢7")
and

Tsz(wx),s(wwam)(wa ty) = (o) TN T2 gl (A = A+ 1).

6. A change of basis. In the previous two sections we gave an explicit
formula for a particular basis of the space of spherical Whittaker functions by using
the Casselman-Shalika method. In this section we translate these formulas into a
new basis in order to facilitate the comparison with the local parts of Weyl group
multiple Dirichlet series which is carried out in Section 9.

We identify the polynomial ring C[A] with C[yi"', ..., y!] and C[Ao] with the
corresponding subring. Denote their respective fraction fields by C(A) and C(Ay).
We note that by Proposition 1 and (5.3),

(6.1) Tap(w:y) € C(Ag) foralla,be A, we .
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Remark 2. In place of the fraction fields C(A) and C(Ay) we could actually
work over the smaller rings obtained by localizing C[A] and C[Ao] at the multi-
plicative set generated by

AN . n
{1— (ﬁ) ,1—qi1<&) :i<j}.
Yj Yj
However, this more refined information on the poles of the rational functions which

arise will play no role in the sequel.

Let = be the dual of the finite group £ := Ao\ A. Under the group isomorphism
a v fla): A,\A — A\ A we may consider elements of = as characters of A,\A
as well. We also let = act on C[A] by

(6.2) §( ) =Y menyt ce=

This extends naturally to an action of = on C(A). For [ € £ we define
CA);={feCA):&-f=¢()f, forall{ € E}.

Then

C(A) = Z?EC(A)l.

Note further that C(A)y = C(Ay),

(6.3) fifa € C(A)y 41, for f € C(A)y,, f2€ C(A)y,
and
(6.4) flwy) € C(A),,-1;, for feC(A), we2.

In Section 4 we gave a basis for the space of spherical Whittaker functions
parametrized by (a set of representatives) for A,\A. In this section we will give a
basis parametrized by elements of the dual group =.

For the remainder of this section we fix a set R of representatives for Ag\A
and the corresponding set I' = {s(cw") : 1 € R} of representatives for ANA. Let
X(W) = indg*(x,p(w’ )~!). An element of X(w') is uniquely determined by its
values on T'. Let ¢(y) € X(w') be defined by

o(s(w") 1y) =" "y, forpeR.
(The dot product on R" here and henceforth is the standard one.) It follows that

(6.5) P(a:y) € C(A)_ ), dla: y) e C(A)j(), forac A
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Note that £¢(y) € X(w') for £ € Zand {€ ¢(y) : £ € Z} forms a basis for X(w’).
Let

(6.6) = ) & Wa(g:y)

acAN\A

where W,(g: y) = Wa(g,w'). Then {W¢ : £ € =} is a basis of spherical Whittaker
functions.

THEOREM 2. We have We(b:y) =0 unlessbe A~. Forbe A™,

Cup (W _
67) Welb:y)=xz(b) Y = 01 y) Z £(@)p(a: y)rap (w ' wy).
wew W aeA*\A

We can alternatively write this as

Cuo (WY -

Wf(b:y):XZp(b)Z CL()Zf qp“y MTs(w/‘)b*( l:wy), be A™.
weay Cw (WY HER

Proof. The Theorem is obtained by applying Theorem 1 to (6.6) with g = b

and changing the order of summation. U

6.1. Reinterpretation in terms of a Weyl group action. We reinterpret
Theorem 2 in terms of an action of the Weyl group 20 on the field C(A). The
purpose of this is two-fold: first, the group action will facilitate the construction of
a symmetric basis in Section 7, and second, the action defined here will be related
to that defined by Chinta and Gunnells [13] (see Section 9) in order to show that the
spherical Whittaker functions of this paper arise as the local parts of Weyl group
multiple Dirichlet series.

Fora,be A and w € 20 let

(6.8) Fop(w:y) = pla:wy)p(b:y)  Tap(w:y).

1
cw(Yy)

It follows from (5.1) that 7o q p0s(w 1 ¥) = Tap(w 1 y), ao, bo € A.. Introduce the
normalized matrix

Duy(y) = (Fap(W: Y) g pe i A-
As a consequence of (5.2) we have
(6.9) Dowiwy(y) = Do, (w2y) D, (), wy, wo € 2.
It further follows from (6.1), (6.3), (6.4) and (6.5) that

(6.10) Fap(w 1Y) € C(A)j)—w1j(a)-
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For A € R, f € C(A)) and w € 20 we define

(6.11) (flw)(y) =D Fus wy) fwy).

acl’

Extend the definition of (f|w) to all f € C(A) by linearity.

PROPOSITION 2. The map (f,w) — f|w defines an action of the group 20 on
C(A).

Proof. We need to show that

(flwrwz) = (flwr)]w2

for all wy,w, € 2. Without loss of generality we may assume that f € C(A),. To
ease the notation in the proof, we will write 7y, s3) (W : y) = Tap(w : y), a, b € A.
Then

(flw) () = Fwa(w; " cwy) f(wiy).

WeR

It follows from (6.3), (6.4) and (6.10) that the ' term in the above sum lies in
C(A)-_ . Therefore, letting w» act on this term and then summing over all ' gives

(flw)wa) @) = [ Y Y A (wy i way) 7 —a(wy ' s wiway) | f(wiway).

[WERWER

Interchange the order of summation and use (6.9) in the form

to rewrite the equation above as

((flwi)|w2) (y Z For A (wy oy wiway) | f (wiway).
WeR
But this is exactly (f|wjws)(y). O

Let &y € = be the trivial character. It follows from (6.7) that

Weo(b:y) = x2,(b) Z Cuo (WY) Z p(0* s wy)Fap (w i wy), be A
we aEA*\A

Taking (6.5) and the definition (6.11) of the group action into account we get that

6120 We(biy) = x2p®) 3 cunlom) [0 : ) [w](y), be A~
weW
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Recall that a spherical Whittaker function is determined by its values on
U\G/K*. We now determine a complete set of representatives {d,, € A: u € A}
in such a way that qb(dz :y) is a monomial function that we explicate for each .
Given p € A write —p = v +nA; + knpll,., where v € R, Ay € Aand 0 < k < n;.
Since nA; + knyll. € Ay, the A\, and k are all uniquely determined by p. When
necessary we think of them as functions of i (dependent of course on our choice
of R) and denote A\; = A\ (), v =v(p), k = k(). Define d,, to be the element of
A such that

Following the definitions we have
(6.13) o(dy,  y) = CGq "1yt

Note that f(dy) = woA. Hence, indeed, {dy : A € A} is a set of representatives for
U\G/K* and dy € A= if and only if A€ A~ = {(A1,...,A) EA: N\ < Ay <
-+ <A, }. Henceforth, for 1 € A and w € 20 we denote ( f|w)(y) by (y*|w) when
f(y) =y*. (In Section 9 we also use a similar convention with respect to another
action of 2 without further mention.)

COROLLARY 1. Let i € A~. Then
k .
We(dy:9) = G 0" > cunwy) (] w).
weW

In particular, [We, (g :-) | w|(y) = We, (91 y) for all w € W and g € G.

Proof. Note that X2,(d,) = ¢***. The Corollary follows from (6.12) and
(6.13). O

For every ;1 € A we have p = v(—p) +nAi(—p) + k(—p)nsl,. There exists
therefore m(u) € {0,1} such that

s(wwh) = L(Q)m(u) s(wnze)k(*ﬂ)S(w")\l(*ﬂ))s(w'j(*ﬂ)).

(In fact, m(p) can be computed explicitly using (2.5) and (3.6).) For later use we
observe that

(6.14) B(s(w") 1 y) = e(0) WM gpry .

7. A symmetric basis of Whittaker functions. The purpose of this section
is to construct a basis of spherical Whittaker functions so that, as in the n = 1 case,
their values on GG are symmetric rational functions in the complex parameter 3. In
light of the functional equation satisfied by Eisenstein series (e.g. [24, Theorem
IV.1.10]), such a basis should be of interest for the global theory.
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Let f + f for f € C(A) denote complex conjugation (i.e. Z is the complex
conjugate of z € C and §; = v;, i = 1,...,7). We further denote by X* =X the
conjugate-transpose of any matrix X with entries in C(A). Finally, we set

A~ A~ A N 192 Yr
9= (01,...,9r) where ; = %
3

‘We continue to let

We(g:y)=> dla:y)Walg:y)

ael

be the spherical Whittaker function associated to the trivial character &y, as defined
in the previous section. For g € G let v, (y) be the column vector

vg(y) = (6 )Wi(9:9)) er

and let V, be the spherical Whittaker function whose value at g’ € G is given by
Valg' ) = vg(9)" - vg (y).
Clearly V,(g: ) € C(A) forevery go, g € G. Since {¢(a:y) Wa(-:y):a€l'}
forms a basis of spherical Whittaker functions, there is a subset [ = {g,:a € I'} C
G of |I'| elements such that {v,, : a € I'} are linearly independent over C(A). The

set {V,_ (-:y):a €T} is then a basis of spherical Whittaker functions. The next
theorem asserts that this basis consists of symmetric functions in y.

THEOREM 3. For every go, g € G and w € 20 we have
Vao(g 2 wy) = V(9 ).
The rest of this section is dedicated to the proof of Theorem 3. It requires a
certain symmetry satisfied by the matrix D,,(y) that we pursue first.

The following proposition is merely rewriting Proposition 1 in terms of the
normalized coefficients taking (6.14) into consideration.

PROPOSITION 3. Let o= (i,i+1) € A and let a, b € A. We have
Tap(Wa 1Y) = Ta (W 1Y) + 72 4 (wa )
where ﬁi »(Wa 1Y), 1 = 1,2 are characterized by the following properties:

(7.1) %20a7b0b(wa 1Y) = 7*2’b(wa ty), ag,bo € Ay, i=1,2.
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For \, N € A we have

(7.2) %sl(wk) s(wk/)(wa :y) = O unless \— X € Ag
(7.3) %f(wA)’S(wA,)(wa :y) = 0 unless X —wa|N'] € A,
i Ny
. 1—q " (yiga/y)"m = XA
74 v o N = i i i z+1’
(7.4) 7—s(w’\),s(wA)O“U y) Cw (y) 1— (yi/yiJrl)n (y /y +1)
and
(7.5)
) s(mnalal (War )

-1

v mwal)-m) A FwalN)ECA) oy ' Y
=€l C g )‘Z )\z +1 .
1 0 M=t DO

As a consequence of Proposition 3 we deduce the following symmetries of
Dy(y)-

LEMMA 8. For any simple root o = (i,i+ 1) € A we have

(7.6) Dy, (9) = Dy, (y) ™!
and
(7.7) D, (y)* = Du,, (v).

Proof. Tt follows from Proposition 3 that all entries of D, (y) are rational
functions in y; /y;41 independent of y; for j # ¢, i+ 1. If y = (v},...,y}.) = way
and " = (yf,...,y)) = 9 then y}/y.,, = y//y!., and therefore D, (9) =
Dy, (way). But by (6.9) we have D,,_(way) = Dy, (y)~" and (7.6) follows. To

show (7.7), by (7.1), (7.2) and (7.3) it is enough to show for A € A that

(7.8) %;(wx)ﬁ(wx)(wa ry) = %sl(wx)ﬁ(wx)(wa %)
and
(79) %sz(wwa[/\])ys(wA)(wa : y) = %Sz(wk)@(wwa[kl)(wa : y)

The equality (7.8) is straightforward from (7.4). From (7.5) we get that

(7.10)

~2 .
Ts(wwa[k]),s(wk)(wa )

) = (6(9))m()‘)7m(wa[)‘])+()‘i+1*1)()‘i+1) (g)k(*/\)*k(fwa[/\])

-1
q Yi+1

PN —Ai— 1 .
X 9" i )o@
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Recall that (o) = e(0) € {£1} and ;' = (o € p1an, (C). Furthermore, for k #
Omodn, the Gauss sum satisfies g¥ (k) g% (—k) = qe(0)* and |g¥(k)| = q? and
therefore, for every k € Z we have

Thus, (o) i+ A1 g (N1 — A — 1) = g¥(\; — Ai1 + 1) and (7.9) follows from
(7.10). The rest of the lemma readily follows. O

COROLLARY 2. For every w € 20 we have
Duw(9)" = Du(y) "

Proof. If {(w) =1 the identity follows from the two identities of Lemma 8.
For general w note that w{ = wy. Applying (6.9) the corollary therefore follows
by induction on 4(w). O

Proof of Theorem 3. To start let g € A. By virtue of the fact that
(7.11) Wey(g:y) =Y _ob:y)Wilg:y)
bel’

is invariant under the action |w for w € 20 (Corollary 1), (4.5), (6.1), (6.5) and the
definition of the action |w we get that

(7.12)  We(g:y)=> > Faplw " :wy)p(b: wy)Wy(g : wy).
bel’ acl’
Equate the terms on the righthand sides of (7.11) and (7.12) which lie in C(A)_
to conclude that
(7.13) &(S(@) - ) Wyon)(9:9) =D Foaoryp(w ™" 2 wy)d(b 2 wy) Wi(g 2 wy)
bel’

for all A € R. In matrix notation this is saying precisely that
vy(y) = Dy, 1 (wy)v, (wy) or equivalently, v, (wy) = D, 1 (wy) 'vy(y).

This was all assuming that g € A, but by (4.4), this identity holds for all g € G.
Therefore, by Corollary 2 we have

= gy (§)" (D1 (9)*) ™" D1 (wy) ™" vy (y)
= 0gy(9)* Dy 1 (wy) Dy 1 (wy) ™ vg(y)
= Vg (9:9)

and the theorem follows. O
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8. Preparation for comparison. The purpose of this section is to give a
more explicit description of the terms (y*|w) which appear in Corollary 1. This
description will be used in the following section to prove Theorem 4 which gives
the precise relationship between the spherical Whittaker functions and the local
parts of the type A Weyl group multiple Dirichlet series defined in [13].

Assume in this section and the next that —1 is an nth root of unity in F' or
equivalently that o = 1. Note that in this case the property (3.4) simply says that
Co is an nqth root of unity and in particular an nth root of unity. It follows from
Lemma 2 that the variables y; are only determined by w up to an nth root of unity
and therefore that every e-genuine, normalized unramified character of AnZ is of
the form w, ;| for some s € C". We may and do therefore assume, through this and

the next section, that (y = 1. Under our assumption that o = 1 we also have
s(@Ms(m) =s(@ ), AN €A

Thus, d; =s(cw ™) for all A € A. It further follows from (6.14) that ¢(s(w?) : y) =
q” My~ for every A € A.
For w € 2U define

8.1) Tuw(A1y) = ¢ ey (wy) (y*|w).
By Corollary 1 we have
Wey(da:y)= > Tu(A:y).
weW
Expanding (8.1) and applying (6.13) we have,
Tow(X 1Y) = ¢ cug (wy) (W >~ Fymn) s(-n) (w2 wy).
HER

Note that

Te(A1y) = " e (y) v

and for a simple reflection w,, with o = (¢,7+ 1), Proposition 3 implies that

Twa ()‘ : y) = qp-)\ Cuwyg (way) ywa)‘ [%Sl(w—k),s(w—k)(wa : way)

+ %52(w7”a[‘>‘]),s(w‘>‘)(wa : way):|

(L)”[@J—(Am—)\i)
Yi+1

=

g CwolWal) o

o1
Cwa(way) (1 ! )

+q g (N = Aig1 - 1);;] :
7
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Note that

Cuy (way) _ Cuy (y)

Cuw,, (way) Cuwg (y)

and recall that

1— -1/ Y \n
Cua ) = 11&3;3 =~

Yi+1

e VI
yi-i-l)nl q (yi-H)n

. (Yl
Yi 1 (yz)n

We introduce the notation (k),, =k —nL%J forevery k € Z. Thus 0 < (k),, <n.In
the following proposition we record the last expression we obtained for T3, (A : y)
using this notation.

PROPOSITION 4. For a simple reflection w,, with o = (i,i+ 1) we have
A\ _ PA A
T (A :y) = q"" cuy(way) (Y |wa)

yi \" N

Wa
Y
=g (y_)n Yit1

Yi+1

) 1-n ) n
—q_19¢(Ai—Ai+1—1)<yz ) (1—<y2 > >]
Yit1 Yit1

9. The p-part of a Weyl group multiple Dirichlet series. In this section
we review the Chinta-Gunnells [13] construction of the local part of a Weyl group

multiple Dirichlet series associated to the root system A, ;. We continue to assume
that —1 is an nth root of unity. We begin by defining a group action of the Weyl
group 2 on the field of rational functions. We denote this action by || in order
to distinguish it from the action introduced in (6.11) above and the action of [13]
introduced below. For A € R, f € C(A)) and w, the simple reflection associated
to = (4,74 1), we define

ey [y () e
=y G

Yi+1

) I-n ) n
—q g\ =N — 1) < s ) <1 - <i> >] .
Yit1 Yit1

Having defined f|w, for f € C(A)), we extend the definition to C(A) by lin-
earity. These definitions extend to give an action of the entire Weyl group 2U on

9.1)

C(A), see [13, Theorem 3.2]. Actually, some changes of variable are necessary
to relate the action defined here to that of [13]. In order to precisely describe the
relation between the two actions, we denote the action of [13] with twisting pa-
rameter £ = (l,...,l;) by |, wanp. The action of [13] is actually only defined on
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the localization of the ring C[zy,...,x,_;] at the multiplicative set generated by
the polynomials 1 — 7,1 —¢*'a? for i = 1,...,r — 1, but is easily seen to ex-
tend to the field C(zy,...,2,_1). (We make the change of variables z; — ¢~ 'z; in
order to eliminate some extraneous powers of ¢.) Let F' € C(x,...,x,_) be a ra-
tional function. Define f € C(A) by f(y1,...,yr) = F (L, ..., %) Then, letting
A= (0,l2,l2+l3,... ,lz—l—'-'—l—l,«),

9.2) (Flo.warpw) (ﬂyl) =y P ) (i, 9)-
Y2 Yr

To verify (9.2), it suffices to do so for w a simple reflection acting on monomials.
This follows from a direct comparison of (9.1) with Eq. (3.14) of [13]. To make
the comparison, recall that we have made the substitutions z; — z;/q. Further, the
Gauss sum we use here is the conjugate of that used in [13]. Then, using the equa-
tion (a+ 1), = (a), + 1 for a not congruent to —1 mod n and arguing separately
in the two cases d;(a) — 2k; 4 1; + 1 is zero or nonzero mod n (notation being of
[ibid.]), we easily arrive at (9.2).

Let us write ¢ (y) = [l (1 — (;’—;)n) and for w in the Weyl group 20,

define j(w,y) = ¢ (y) /¢ (wy). It is proved in Section 3 of [13] that
N(y:l) =y e (y) Y j(w,y) @y w)
we

is a polynomial in the y;/y;+1. These polynomials are used in [13] to construct
Weyl group multiple Dirichlet series.

We now turn to the main result of this section—the comparison of N (y;¢) with
the Whittaker function W, (dy : y).

THEOREM 4. Let \ = (0,l2,l2+l3,.. S+ '—I—l,«) and l = (lz,.. . ,l,«) with l;
non-negative integers. We have

YN (y30) = ¢ P Wy (dy 1 y).

Proof. By Theorem 2 we need to prove that
> cwn@)iw,y) (M w) = cwy (wy) (¥ w).
weW weW
We will show that the sums match up term by term, that is, that
. Cu \WY
©3) ) o) = 28
Cuwyp (y)
for all w in the Weyl group. Since both f — j(w,y)(f|lw)(y) and f —

C;”ng)( flw)(y) give actions of 20 on C(A), it suffices to verify (9.3) for all
'LUO
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simple reflections w,. Note that j(w,,y) = —(%)" and therefore this follows
easily by comparing Proposition 4 to the definition (9.1).
This completes the proof of the theorem. (]

Remark 3. In the course of proving (9.3), we have in fact shown

. _ Cuy (WY) w
J(way)(wa)—icwo(y) (flw)(y)

forall f € C(A) and all w € 20, because both actions are extended from monomials
to C(A) in the same manner.

10. Zonal spherical functions of G. Let C*¢(K*\G /K*) be the space of
e-genuine bi K *-invariant functions on G. The action of H¢(G, K*) on C*¢(G / K*)
given by (2.10) restricts to an action on the subspace C*¢(K*\G /K*).

Definition 3. A function Q € C*¢(K*\G/K*) is an e-genuine, zonal spherical
function on G’ if it is a common eigenfunction of H¢ (G, K*).

Recall from (3.2) that x,, is the modulus function of B. We wish to relate
between two different ways to express a G-invariant linear form on the space of
functions f : G’ — C that satisfy

(10.1) f(bg) =x2,(b)f(9), b€ B, g € G.

Of course the space of such linear forms is one dimensional. Since B\G ~ B\G
we can use the well known formula for ¢ (cf. [18]) to obtain that

_ i B6)
f'_> K*f(k)dk_ W/Uf(s(wou))du

is G-invariant.

For s € C" and ( € pipp, (C) satistying (3.4) let w = wy ¢ be the e-genuine,
unramified, normalized character of A" Z associated to (s,() by Lemma 2 and let
w' be its canonical extension. Note that I((w')~!) is an ¢~ !-genuine, normalized
unramified principal series representation contragradient to I(w’). Indeed, note that
for any ¢ € I(w'), ¢ € I((w')~") the function

9= Y x-2,(0e(9)(v9)
~eANA
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is well-defined (independent of a choice of representatives ) and satisfies the
equivariance condition (10.1). A G-invariant pairing is therefore given by

102) (g, @)= Y x-2(v / p(Vk)P(vk) dk

yeAd\A

(10.3) H’ IL Z X—2p(7 / o(ys(wou))@(ys(wou)) du.

~eANA

Let Q, = Q) ¢ be the e-genuine, zonal spherical function on G defined by

0u(9) = (Rlg)p (), o).
It can be expressed as
Qs(9) = Vs(R(9)pk ()
where V; € (I(w'))* is the linear form defined by
Vo) = (@@ ).
For every w € 20 the linear form V0T, on I(w~'w’) is then K*-invariant. Since
dim(I ()X =dimI(w 5 =1,
there is a scalar d,(s) such that
(10.4) Vso Ty =dy(s) Vs
The scalar dy(s) can easily be computed by evaluating both sides of (10.4) at

@i (w™'W'). On the one hand, since ¢ is supported on B, K* and its value on K *
equals 1 we get from the definition (10.2) of the inner product that

wals(SOK(wilw/)) =1.
On the other hand applying (3.16) as well we get that
Vs OTw(@K(wilw/)) = Cuw (wils) Vs(pr (W) = cw(wfls).

Thus,
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We now expand ¢ as in Lemma 6. We obtain that

Cuwg(Ws
Qs(g) = Z %VsoTw(R(g)(pwo)
(10.5) we
= > cup (W )V 1, (R(9)puy)-
weW

We are now ready to compute the zonal spherical functions explicitly. The Cartan
decomposition of G implies that

G=K'AK*.

Note first that if f is any e-genuine and bi K*-invariant function on G then
supp(f) € K*A,K*. Indeed for any a € A and any ag € AN K* we have

fla) = f(aag) = f(t(Ca(ao))aoa) = €(Calao)) f(a).

But, as we have already observed in Section 3.3, if a ¢ A, then (4 1s not trivial on
AN K* and therefore we must have f(a) = 0. We therefore get that

supp(2s) C K*A, K*.
For A = (A1,...,\r) € Alet w* = diag(w,..., @) € A and let
ax = s(wo)~'s(w™)s(wo).
Let
At={deA: N> >N}

Note that for every g € K*A,K* there is a unique integer j such that 0 < j < n;
and a unique A € A such that

g=1(¢1)s(w™e) k a;)l\ ko
for some (; € pu,,(F), k1, ko € K*. We then have
Qu(g) = e(G)¢q 0 (a,).
Thus it is enough to compute Qs(a;}\) for every A € AT,

LEMMA 9. For A € AT we have

(Rl () = L2 e,
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Proof. For this computation it is more convenient to apply the expression
(10.3) for the inner product. Since the inner product is G-invariant we have

HleL(z‘)Vs(R( o) P (@)
— Z / Py (as(wou) : ') px (as(wou)any = ') du.
acAN\A

If as(wou) € supp(pu,) = BswoZ* = B.wo(Z* N's(U)) then there exists
be B, and up € ZNU such that as(wou) = bs(woup) and therefore p(b) =
p(a)wouuy 'wy ' € A, Tt follows in particular that a € A,. This implies that

%Vs (R(ar_z}\)(pwo) = /USOwO (S(wou))ng (s(wou)an)\) du.

We have already observed that s(wou) € B,woZ* if and only if v € U N K and
therefore

L(1)" - _
mVS(R(an)l\)tpwo) = /UmK @K(s(wou)am) du.

By (2.7) we have
| _ —1
anAS(u)an)\ e S(p(ank) up(anx))

and since n\ € At and u € UN K we also have p(a,) 'up(a,y) € UNK. It
follows that

s(wou)any € s(wp)apnK* = s(w”)‘)K*

and therefore
TV (Bl et) = o (6= 20 ™) = (™) ("))

The lemma follows. U

Now plugging Lemma 9 to the formula (10.5) we get for A € A™

- HT: L(Z) -1 M(w ls—
0,0 = Dot 5 gt o
weW
This can be expressed as the Ath Hall-Littlewood polynomial with parameter ¢!

as follows. For A € A the Hall-Littlewood polynomial P is a monic, symmetric
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Laurent polynomial in the variable x = (zy,...,,) and parameter ¢ defined by

P)\(.I'l,...,.l'r;t): l_t Zw x)\HQ:_Q:
? J

weW 1<J

where 2 = :ci" - and

t) = H’UNZ-()\)(t)

where N;(A\) =#{j:1<j<n, \j=i}and un(t) = Hz,l(l — ). What we have
shown can be summarized as follows.

THEOREM 5. Let g € G, s € C". Suppose ( € pon, (C) satisfies (3.4). If g &
K*A,K* then Qsc(9)=0.Ifg e K*A,K* write

g= L(CI)S(wnze)jkl CL;)I\ :ICZ

with () € pn(F), k1, ky € K*. Then

QZ,C(Q)_E(Cl)C] —np)\%y jP)\(Xla 7X q_l)

where X; = ¢"%, i=1,...,r and Y = g1+ +sr),

DEPARTMENT OF MATHEMATICS, THE CITY COLLEGE OF NEW YORK, NEW YORK,
NY 10031
E-mail: chinta@sci.ccny.cuny.edu

DEPARTMENT OF MATHEMATICS, TECHNION-ISRAEL INSTITUTE OF TECHNOLOGY,
HAIFA 32000, ISRAEL
E-mail: offen @tx.technion.ac.il

REFERENCES

[1] W.Banks, D. Bump, and D. Lieman, Whittaker-Fourier coefficients of metaplectic Eisenstein series, Com-
positio Math. 135 (2003), no. 2, 153-178.

[2] W.D. Banks, J. Levy, and M. R. Sepanski, Block-compatible metaplectic cocycles, J. Reine Angew. Math.
507 (1999), 131-163.

[3] L N. Berntein and A. V. Zelevinskii, Representations of the group GL(n, F’), where F is a local non-
Archimedean field, Uspehi Mat. Nauk 31 (1976), no. 3(189), 5-70.



[4]

[5]
[6]
[7]
[8]
[9]
[10]
(11]
[12]
[13]
[14]
[15]
[16]
(17]

(18]

[19]

[20]

[21]
[22]
[23]
[24]
[25]
[26]
[27]
(28]

[29]
[30]

A METAPLECTIC CASSELMAN-SHALIKA FORMULA FOR GL, 39

B. Brubaker, D. Bump, G. Chinta, S. Friedberg, and J. Hoffstein, Weyl group multiple Dirichlet series. I,
Multiple Dirichlet Series, Automorphic Forms, and Analytic Number Theory, Proc. Sympos. Pure
Math., vol. 75, Amer. Math. Soc., Providence, RI, 2006, pp. 91-114.
B. Brubaker, D. Bump, and S. Friedberg, Weyl group multiple Dirichlet series, Eisenstein series and crystal
bases, Ann. of Math. (2) 173 (2011), no. 2, 1081-1120.
, Weyl Group Multiple Dirichlet Series: Type A Combinatorial Theory, Ann. of Math. Stud.,
vol. 175, Princeton University Press, Princeton, NJ, 2011.
B. Brubaker, D. Bump, S. Friedberg, and J. Hoffstein, Weyl group multiple Dirichlet series. III. Eisenstein
series and twisted unstable A,., Ann. of Math. (2) 166 (2007), no. 1, 293-316.
D. Bump, S. Friedberg, and J. Hoffstein, p-adic Whittaker functions on the metaplectic group, Duke Math.
J. 63 (1991), no. 2, 379-397.
W. Casselman, The unramified principal series of p-adic groups. I. The spherical function, Compositio
Math. 40 (1980), no. 3, 387-406.
W. Casselman and J. Shalika, The unramified principal series of p-adic groups. II. The Whittaker function,
Compositio Math. 41 (1980), no. 2, 207-231.
G. Chinta, S. Friedberg, and P. E. Gunnells, On the p-parts of quadratic Weyl group multiple Dirichlet
series, J. Reine Angew. Math. 623 (2008), 1-23.
G. Chinta and P. E. Gunnells, Weyl group multiple Dirichlet series constructed from quadratic characters,
Invent. Math. 167 (2007), no. 2, 327-353.
, Constructing Weyl group multiple Dirichlet series, J. Amer. Math. Soc. 23 (2010), no. 1,
189-215.
Y. Hironaka, Spherical functions and local densities on Hermitian forms, J. Math. Soc. Japan 51 (1999),
no. 3, 553-581.
Y. Hironaka and F. Sato, Spherical functions and local densities of alternating forms, Amer. J. Math. 110
(1988), no. 3, 473-512.
J. E. Humphreys, Linear Algebraic Groups, Grad. Texts in Math., no. 21, Springer-Verlag, New York,
1975.
D. A. Kazhdan and S. J. Patterson, Metaplectic forms, Inst. Hautes Etudes Sci. Publ. Math. (1984), no. 59,
35-142.
R. P. Langlands, The volume of the fundamental domain for some arithmetical subgroups of Chevalley
groups, Algebraic Groups and Discontinuous Subgroups (Proc. Sympos. Pure Math., Boulder,
Colo., 1965), Amer. Math. Soc., Providence, RI, 1966, pp. 143-148.
H. Y. Loke and G. Savin, Modular forms on non-linear double covers of algebraic groups, Trans. Amer.
Math. Soc. 362 (2010), no. 9, 4901-4920.
1. G. Macdonald, Spherical Functions on a Group of p-Adic Type, Publications of the Ramanujan Institute,
no. 2, Ramanujan Institute, Centre for Advanced Study in Mathematics, University of Madras,
Madras, 1971.
P. J. McNamara, The metaplectic Casselman-Shalika formula, preprint, http://arxiv.org/abs/1103.4653,
2011.
, Metaplectic Whittaker functions and crystal bases, Duke Math. J. 156 (2011), no. 1, 1-31.
, Principal series representations of metaplectic groups over local fields, Multiple Dirichlet
Series, L-Functions and Automorphic Forms, Progr. Math., vol. 300, Birkhauser, New York, 2012,
pp- 299-327.
C. Meeglin and J.-L. Waldspurger, Spectral Decomposition and Eisenstein Series, Cambridge Tracts in
Math., vol. 113, Cambridge University Press, Cambridge, 1995.
0. Offen, Relative spherical functions on g-adic symmetric spaces (three cases), Pacific J. Math. 215
(2004), no. 1, 97-149.
1. Piatetski-Shapiro and S. Rallis, A new way to get Euler products, J. Reine Angew. Math. 392 (1988),
110-124.
Y. Sakellaridis, A Casselman-Shalika formula for the Shalika model of GL,,, Canad. J. Math. 58 (2006),
no. 5, 1095-1120.
, Spherical functions on spherical varieties, preprint, http://arxiv.org/abs/0905.4244, 2010.
G. Savin, On unramified representations of covering groups, J. Reine Angew. Math. 566 (2004), 111-134.
T. Shintani, On an explicit formula for class-1 “Whittaker functions” on G'L,, over P-adic fields, Proc.
Japan Acad. 52 (1976), no. 4, 180-182.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 266
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 266
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 900
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly true
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for submission to The Sheridan Press. Configured for Adobe Acrobat Distiller v8.0 02-28-07.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


