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1. Introduction

Let L(s, E) be the L-function of an elliptic curve defined over Q, and let L(s, E, y) be
the L-function twisted by a primitive Dirichlet character y. It is of interest to know that
many of the L(s, E, y) are nonzero at the central point s = 1/2 for y ranging over some
set of primitive characters. In particular, letting K, denote the cyclotomic extension of Q
obtained by adjoining ¢'" roots of unity, the weak form of the conjecture of Birch and
Swinnerton-Dyer equates the order of vanishing of

(1) IT L(s,E.x)

ymod g

at s = 1/2 with the rank of E(K,), the set of K -rational points of the elliptic curve. In (1)
the product is taken over all Dirichlet characters mod ¢g. We call

ord< T L(sE, X))

s=1/2 \ ymod g

the analytic rank of E(K,).

The fact that there are ¢(g) terms in the above product together with the observation
that L(s, E, y) can vanish to order at most O(log¢) at the central point gives us the trivial
bound

(2) analytic rank of E(K,) « qloggq.

Assuming the generalized Riemann Hypothesis, R. Murty [1] gives the conditional
bound

analytic rank of E(K,) < ¢/2 + o(1).

In subsequent work, T. Stefanicki [6] establishes the weaker, unconditional result that

#{xmodq: L(1/2, f,x) # 0} » q/loggq.
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However, this result is too weak to improve on the trivial bound (2) given above. (We note
however that Stefanicki’s method works also for Maass forms.)

Our first main result is

Theorem 1. Let E be an elliptic curve defined over Q of conductor N. For any ¢ > 0
and q a sufficiently large prime (in terms of N and ¢),

analytic rank of E(K,) < q7/8+6.
Here K, is again the cyclotomic field obtained by adjoining the q" roots of unity.

The proof relies heavily on the arithmetic nature of the central values of the twisted
L-functions. The main idea is that L(1/2, E, ) is nonvanishing if and only if L(1/2, E, y°)
is nonvanishing for all Galois conjugates y° of y (see e.g. [4], [5]). This method was origi-
nally used by Rohrlich [3] to show that almost all L(1/2, E, ) are nonzero for primitive y
unramified outside a given finite set of primes. Thus the Theorem 1 may be seen as an ex-
tension of Rohrlich’s result to characters of prime modulus.

Rohrlich shows that a particular twisted L-function is nonzero by showing that the
average

2 L(1/2,E, %)

a

is nonzero. The method used in our proof of Theorem 1 is identical to Rohrlich’s with one
major difference: instead of the Galois average above, we look at a certain linear combi-
nation of the twisted L-functions

> ¢ L(1/2,E, x%),

where the coefficient ¢, is chosen to be the “mollifying polynomial” of L(s, E,x?) at
s = 1/2. These mollified Galois averages turn out to be essential in the case of prime
modulus because the character sums which arise do not afford as much cancellation as
those considered by Rohrlich.

As an application of his result, Rohrlich proves that if E is an elliptic curve defined
over @ with complex multiplication, then E(K.) is finitely generated, where K, is the
maximal abelian extension of (0 unramified outside a finite set of primes P. Thus it be-
comes of interest to ask for bounds for the rank of E(K.,). When P consists of a single
prime p relatively prime to the conductor of E, denote by #7(p) the smallest k = 0 such that
L(1/2,E, ) # 0 for all primitive Dirichlet characters of conductor p/ with j > k. In [2],
Rohrlich shows that

n(p) < p/logp.

(Note: the implicit constant depends on E.) We use the methods developed in proving
Theorem 1 above to prove
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Theorem 2. Let E be an elliptic curve defined over Q. Then,

n(p) <1,

with the implicit constant depending on E.

Acknowledgments. The author is grateful to Prof. Dorian Goldfeld for his guidance
and advice and to the referee for closely reading the paper and simplifying the proof of
Proposition 1. I would also like to thank the Sloan Foundation for their support in the final
year of my graduate studies.

2. Preliminaries

Let E be an elliptic curve defined over (0. Due to the work initiated in Wiles and
Taylor-Wiles ([8], [7]), we know that E is modular. Therefore, L(s, E) coincides with the
L-function of a holomorphic newform f of weight 2 for the group I'j(N) with rational
Fourier coefficients,

f(Z) _ Z /1,1627”.”2.

nx1

The associated L-function is given by

L(s, f) =3 dn V20

nx=1

== Z bnn_sa

nx1

say.

Let ¢ be an odd prime power, (¢, N) = 1. For y a Dirichlet character mod ¢ we define
the twisted L-functions

L(s, fox) = 22 x(n)byn™

n=1

These Dirichlet series are valid for Re(s) > 3/2. The completed L-functions defined by

A(s.fo7) = (Qf) (s +1/2)L(s, f. )

have analytic continuations to the plane, are bounded in vertical strips and satisfy the func-
tional equation

A(S7f>X) = WXA(I _S7f72)7 |WX| = 1

The “root number” w, has a simple expression in terms of Gauss sums which we will recall
at the appropriate time. Finally, we have the Euler product

Ls, f2) =TT (1 = opx(p)p™) " (1 = Ba(p)p™")

where |o)| = |B,| = 1 for p ¥ N and |o,| < 1, §, = 0 for p|N.



16 Chinta, Elliptic curves over cyclotomic fields

We will average the twisted L-functions over the Galois conjugates of y. More pre-
cisely, let D, be the group of Dirichlet characters modg. This is a cyclic group of order
#(q), where ¢ is the Euler-¢ function. Suppose y € D, has order ¢(q)/d, d | §(¢). Let Q[y] be
the extension of Q generated by the image of y, with Galois group G = Gal(Q[y]|/Q). Thus

where { is a primitive ¢(g)/d"™ root of unity, and the Galois group G has order ¢(4(q)/d).
Indeed, any o € G is completely determined by what it does to {, and moreover, if ¢ gen-
erates G, the image of { under ¢ may be any one of the ¢(¢(q) / a’) primitive ¢(q)/d™ roots
of unity.

We define

1 g
Tav(1) =Gl > x°(n)

ceCG

and

- 1 _
Xav(n) = @ ZG W)(”Xa(n)'

Note that for a generator g of (Z/qZ)", x°(g) ranges over the primitive ¢(g)/d'" roots of
unity as ¢ ranges over elements of G.

Rohrlich’s idea was to consider

Lis.f ) = ﬁ S L(s, f,27)

geCG

= Z Xav(n)bnnis'

n=1

Exploiting the cancellations in the averaged characters, he was able to show that the Galois
average of the central values is nonzero:

L(1/2, f, Xav) * 0.

Then by the theorem of Shimura (see [4], [5]), it follows that each individual central value
must be nonzero.

The idea of our arguments is very similar. The only difference is that we wish to av-
erage over smaller Galois orbits. Therefore there is now less cancellation among the aver-
aged characters. We compensate for this with an additional analytic tool—the mollifier, to
be introduced in Section 3.

We conclude this section with some crude bounds for the averaged Galois characters.

Proposition 1.  Let g be an odd prime power and let d | $(q). Let y be a Dirichlet char-
acter mod g of order ¢(q)/d. Then

(i) Zay(n) = p(ord(n?)) /¢(ord(n?)),
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(i) > D) < 01(d)2"00),

nmod¢q
(111) )?av(n> = 2‘/((/5(4))4_101 (d)/\/q
Here v(n) is the number of distinct prime divisors of n, ord(n) denotes the order of n in
(Z/qZ)", and a1(d) =Y a is the divisor sum function.

ald

Proof.  'We begin by establishing the following character sum:

e/
3) ae(;/czy e(ka/c) = Hek) for k|c.

Noting that the value of the summand in equation (3) depends only on the value of
a modulo ¢/k,

¢(c) a
4 elka/c) = el—|.
@ ae(ZZ:/cZ)X (kafe) $(c/k) ae(Z/(Zc:/k)Z)X <C/k>

Then the proof of equation (3) is completed by taking ¢’ = ¢/k in the formula for the clas-
sical Ramanujan sum:

S ela/e’) = ulc).

ae(Z/c'7)"

Let y be a Dirichlet character mod ¢ of order ¢(¢q)/d. We compute

1 1
I =——— S 1) =——— > e(a/ord(n?)).
() o< DD\ (@ p()d)
¢(7> ¢ ¢<T> A

(As before, o ranges over G = Gal(Q[y]/Q), and ord(n) denotes the order of  in the multi-
plicative group (Z/qZ)*.) Hence, by equation (3),

p(ord(n))

Tav (1) = m-

Taking absolute values and summing over » mod ¢, this becomes

S = X #{mn has order k} /g (k)
1<n<q klg(q)
k squarefree
_ M:k} / K
k%(:q) #{ (d,ord(n)) #(k)
k squarefree
(5 s T [mee)
T ket 900 [T

k squarefree
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#(k)
= k%q) (k) [§ /1]

k squarefree

< 01(d)2"¥9)
The inequality in (5) deserves further comment. The set

{n: ord(n) = k(d,ord(n)) }

1s contained in the set

(6) U {n: ord(n) = ki}.

ld

The number of elements in the cyclic group (Z/qZ)™ of exact order m is ¢(m), if m|$(q),
and 0 otherwise. Hence a bound for the cardinality of the set in (6) is

> (kA).

Ad

This establishes the inequality (5).
We have proven the first two parts of the proposition. To prove part (iii), we first
recall the definition of the root number:

Wy = @ S 2 (Delila)])

where the sum is over jmodgq, (j,q) = 1. Therefore, assuming (n,¢) = 1 and ni = 1,

o) = ((/515;1)) 5 wz(n)

1 G(=\,0 g -
(M) ;x () (N)x® (jk)

TS N Y e(]Jrk)

rmod ¢ jk=r (modgq) q

Taking absolute values and using the Weil bound on the Kloosterman sum, we get after a
change of variable,

Zaem] <q7' 3 [ra (1)

rmod ¢

Now (iii) follows from (ii), and the proof of the proposition is complete. [
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3. The mollifier

The mollifier is a tool for controlling the variations in size of the absolute value of the
central values L(1/2,f,y) as y runs over the set of primitive characters of some fixed
modulus.

First note that the Euler product

L(s.f.2) = T1(1 = apx(p)p™*) " (1 = Bx(p)p™)

P

where oy = |f,| =1 for p 4 N and |o| = 1, f, =0 for p|N, immediately gives us a Di-
richlet series representation for the inverted L-series:

L(S7 f’%)71 = Z:l Cﬂ%(n)nisv

where (letting n = klI’m, (k,1) = (I,m) = (k,m) = 1, with k squarefree, m cubefull)
cny(n) = p(k)u(m)y(n)en (1)by.
Here, ¢y is the trivial Dirichlet character mod N.

We now define the mollifier polynomial of length X to be

MX(Sv)f) = Z Cn%(n)n_s‘

nsX

Whereas the Dirichlet series for the inverted L-series converges absolutely only for
Re(s) > 1, the mollifying polynomial is an entire function which we hope in some sense

approximates L(s, f, ;()_1 at the central point s = 1/2.

For Re(s) > 1,
L(s, f,7)Mx(s,7) = ian;c(n)ns,

where

1 ifn=1,
an:an(X): 0 ifl<n<X,
O(ao(n)3) ifn=X,

where ay(n) is the number of divisors of n. (This final estimation uses the Ramanujan
bound b, « ay(n).)

4. The approximate functional equation

The central point of the Dirichlet series L(s, f, ) is outside the region of absolute
convergence. There is a general method for expressing an L-function as a rapidly conver-
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gent series at the central point. This method is known as the method of the approximate
functional equation. We apply it to derive an expression for the product L(s, f, ) Mx (s, )
ats=1/2.

Consider the integral

1 f A( +s, f, > (;—FS){)YS?.

(The positive parameters X and Y will be chosen later.) Moving the contour of integration
1 . . : .
over to <—2 — s) to pick up the pole at s = 0, using the functional equation, and then re-

placing the L-function by its defining series in the region of absolute convergence, we get

) 1(3r) (b)) (2

e |

n=11<m<x VI

where we have used the Mellin transform

= 17T (s) ds.
¢ 2m j
(3+e)

As in Section 2, let Q[y] be the extension of @ generated by the image of y, with
Galois group G = Gal(Q[y]/Q). Averaging (7) over G we obtain

” 1 o) —27
© g5 an(s0) =en((7) e

where
AnYay(n) < 27n )
S| = —2A0 7 exp| —
N A WA Vi

and

bncm - _ <_27U’l Y)
Sy, = nim) ex .
? n; 1 g%:g x vhm XaV( ) P mqv N

(Here, m is defined by mim = 1 (mod g) if (m,q) = 1 and is zero otherwise.) We choose the
parameters X and Y to be

X=q" Y=4¢"

with a, b positive constants b < a to be specified later.

5. Proof of Theorem 1

It remains to show that S; and S, are small when the parameters X and Y are ap-
propriately chosen. We begin with S»:
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S5 Dy e

n=1 1<msX n

b, uon 5 i) exp( 2nn Y) ’
Vot VN

20@01(d) 1, & ~2mnY
< / Z nl/z - ( )

1S2| =

—2nn Y)
mqv/'N

<Y ¥

nzl 1sm=<X

Vi qX VN
- 2'60@)g (d) o <q\/ﬁ )1/ e
Vi Y '

We have used the Ramanujan bounds b,, ¢, <, n‘, and part (iii) of Proposition 2. Or,
since X = ¢” and Y = ¢¢,
N1/4+£/2

9) 152l < s

2'0@Dg (d).

We now turn to the sum S

Yoy (1) < 27n )‘
Sy = | 24 exp( —

Si=15 " JYVN
<> |1+ =+
X<n=q g=n=q°¢ q°=n

=S+

it}
say.

In the first sum, we use the Ramanujan bound on the coefficients:

2o« X V23 zay()],

n=q

and then appeal to part (ii) of Proposition 2 to conclude

(10) Z<—ﬁf%@

Similarly, the Ramanujan bound and repeated applications of part (ii) of the propo-
sition yield
lg'] (k+1)q

%}é >

k=1 n=kq+1

AnYay (l’l)

NG

(k4+1)q

lgc'] .
< kgl (kq)™> 32 Itav(n)]

n=kq+1

c—1
« 20D (d)gt L"ZJ K12
k=1
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Assuming that the constant ¢ satisfies 1 < ¢ < 2, we get

2v(4(4) g, (d)

Finally,
Z<< Z n371/26727m/(qY\/ﬁ)
I n>q¢
« 1 Ofe—zm/wh/ﬁ) di
qc/2fcs ;
q
c—1
« Yq'=/*ree /N ex (— 4 )
1 P\UTyww
Hence
qcflfafa
12 < exp(— ),
12) > Vi

provided a + 1 < ¢ < 2. Further require that 0 < b < a/2. Collecting the bounds from
equations (9), (10), (11), and (12), we get

N 1/4+e/2

— T ops (d)
qd —b0—¢&

S «

and

c—l—a—¢
$1 « 20Way(d)g* - max(g "2, g ) + exp<_ U )

Suppose that g1(d) < g7, y < 1/8. Then S; and S, go to zero as ¢ — oo under the follow-
ing choice of a, b, and c:

a=1/2+b, b=2y+3s c¢=2-2y—3e.

Moreover, with this choice of a, b, and ¢, we see that S} and S, are o(1) provided

N « qlfgy*&.

We have proven

Theorem 3. Let f be a newform of weight 2 for To(N) with rational Fourier co-
efficients and associated L-function L(s, ). Let q be an odd prime power prime, (¢, N) = 1,
and y a Dirichlet character mod q. Then

L(1/2, 1) 0,

a1 (fg;) <q’, y<1/8

provided
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and

g >, NV/0-8-2),
The implied constant depends only on ¢ and vy, and o,(d) is the divisor sum function

dYa=oa(d).

ald

Now let d be a divisor of ¢(g). There are ¢(¢(g)/d) Dirichlet characters mod ¢ of
order ¢(q)/d. Hence the number of such characters is less than ¢/d. Since oy(d) <, d'*?,
there exists a constant C, such that the condition

o1(d) zq’
implies

d> Cq' "

Therefore, for ¢ a sufficiently large prime

IA

#{ymodq: L(1/2,E,y) =0} < d‘%) ¢(¢Elq))
q
oi(d)zq”

>, q/d

dl¢(q)
d>Coq?™*

lIA

« qlnyrS‘

Choosing y sufficiently close to 1/8 concludes the proof of Theorem 1.

6. Proof of Theorem 2
Theorem 2 also follows quickly from Theorem 3. We first need
Lemma 1. Let y be a primitive Dirichlet character mod p", p an odd prime. Then,
ord(y) = p"~".
Proof.  First note that (Z/p"Z)™ is a cyclic group of order ¢(p") = p" — p"~! and
(Z/p"7) =7/(p—1)Z x Z/p"'Z.
Since a finite group is (abstractly) isomorphic to its dual,
(13) Dpn = (2/p"2)" =2/(p—1)Z xZ/p""'Z,

where D, is the dual to (Z/p"Z)”*. (In other words, D, is just the group of Dirichlet
characters mod p" defined above.)
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X

The imprimitive characters in D, are those induced from characters on (Z/p"~'7)
Hence there are

(14) pp" ) =p"2(p—1)
imprimitive characters in D,» and
(15) Hp") = dp" ) =p"(p—1)°

primitive characters.

By virtue of the isomorphism 13, we may identify Dirichlet characters in D,» with
pairs (yy,x,), where y, is an additive character of Z/(p — 1)Z and y, is an additive char-
acter of Z/p"~'Z. There are ¢(p"') = (p —1)p"? additive characters on Z/p"~'Z of
order p"~!. Therefore there are (p — 1)2‘17"‘2 pairs (x;,,) as above of order at least p"~!.
By equation (14) an imprimitive character in D,» can have order at most p"~2(p —1). It
follows that the (p — 1)2p”’2 Dirichlet characters of order at least p”~! must all be primi-

tive, and by equation (15) these must account for all the primitive characters in D,». [J

But Theorem 3 ensures that L(1/2, f, y) is non-zero provided

ord(y) > (p")"/8*.

Equivalently, we need
(16) pn7878ns > 1.

(The implicit constant depends on ¢ and N.) Following the notation of Theorem 2, denote
by 7(p) = ny(p) the smallest k& = 0 such that L(1/2, f,y) # 0 for all primitive Dirichlet
characters of conductor p/ with j > k. From (16) we see that 5, < 1.
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