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1. Introduction

Let Lðs;EÞ be the L-function of an elliptic curve defined over Q, and let Lðs;E; wÞ be
the L-function twisted by a primitive Dirichlet character w. It is of interest to know that
many of the Lðs;E; wÞ are nonzero at the central point s ¼ 1=2 for w ranging over some
set of primitive characters. In particular, letting Kq denote the cyclotomic extension of Q

obtained by adjoining q th roots of unity, the weak form of the conjecture of Birch and
Swinnerton-Dyer equates the order of vanishing ofQ

wmod q

Lðs;E; wÞð1Þ

at s ¼ 1=2 with the rank of EðKqÞ; the set of Kq-rational points of the elliptic curve. In (1)
the product is taken over all Dirichlet characters mod q. We call

ord
s¼1=2

� Q
wmod q

Lðs;E; wÞ
�

the analytic rank of EðKqÞ.

The fact that there are fðqÞ terms in the above product together with the observation
that Lðs;E; wÞ can vanish to order at most Oðlog qÞ at the central point gives us the trivial
bound

analytic rank of EðKqÞf q log q:ð2Þ

Assuming the generalized Riemann Hypothesis, R. Murty [1] gives the conditional
bound

analytic rank of EðKqÞe q=2þ oð1Þ:

In subsequent work, T. Stefanicki [6] establishes the weaker, unconditional result that

Kfwmod q: Lð1=2; f; wÞ3 0gg q=log q:



However, this result is too weak to improve on the trivial bound (2) given above. (We note
however that Stefanicki’s method works also for Maass forms.)

Our first main result is

Theorem 1. Let E be an elliptic curve defined over Q of conductor N. For any e > 0
and q a su‰ciently large prime (in terms of N and e),

analytic rank of EðKqÞ < q7=8þe:

Here Kq is again the cyclotomic field obtained by adjoining the qth roots of unity.

The proof relies heavily on the arithmetic nature of the central values of the twisted
L-functions. The main idea is that Lð1=2;E; wÞ is nonvanishing if and only if Lð1=2;E; wsÞ
is nonvanishing for all Galois conjugates ws of w (see e.g. [4], [5]). This method was origi-
nally used by Rohrlich [3] to show that almost all Lð1=2;E; wÞ are nonzero for primitive w

unramified outside a given finite set of primes. Thus the Theorem 1 may be seen as an ex-
tension of Rohrlich’s result to characters of prime modulus.

Rohrlich shows that a particular twisted L-function is nonzero by showing that the
average

P
s

Lð1=2;E; wsÞ

is nonzero. The method used in our proof of Theorem 1 is identical to Rohrlich’s with one
major di¤erence: instead of the Galois average above, we look at a certain linear combi-
nation of the twisted L-functions

P
s

csLð1=2;E; wsÞ;

where the coe‰cient cs is chosen to be the ‘‘mollifying polynomial’’ of Lðs;E; wsÞ at
s ¼ 1=2. These mollified Galois averages turn out to be essential in the case of prime
modulus because the character sums which arise do not a¤ord as much cancellation as
those considered by Rohrlich.

As an application of his result, Rohrlich proves that if E is an elliptic curve defined
over Q with complex multiplication, then EðKyÞ is finitely generated, where Ky is the
maximal abelian extension of Q unramified outside a finite set of primes P. Thus it be-
comes of interest to ask for bounds for the rank of EðKyÞ. When P consists of a single
prime p relatively prime to the conductor of E, denote by hðpÞ the smallest kf 0 such that
Lð1=2;E; wÞ3 0 for all primitive Dirichlet characters of conductor p j with j > k. In [2],
Rohrlich shows that

hðpÞf p=log p:

(Note: the implicit constant depends on E.) We use the methods developed in proving
Theorem 1 above to prove
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Theorem 2. Let E be an elliptic curve defined over Q. Then,

hðpÞf 1;

with the implicit constant depending on E.

Acknowledgments. The author is grateful to Prof. Dorian Goldfeld for his guidance
and advice and to the referee for closely reading the paper and simplifying the proof of
Proposition 1. I would also like to thank the Sloan Foundation for their support in the final
year of my graduate studies.

2. Preliminaries

Let E be an elliptic curve defined over Q. Due to the work initiated in Wiles and
Taylor-Wiles ([8], [7]), we know that E is modular. Therefore, Lðs;EÞ coincides with the
L-function of a holomorphic newform f of weight 2 for the group G0ðNÞ with rational
Fourier coe‰cients,

f ðzÞ ¼
P
nf1

lne
2pinz:

The associated L-function is given by

Lðs; f Þ ¼
P
nf1

lnn
�1=2n�s

¼
P
nf1

bnn
�s;

say.

Let q be an odd prime power, ðq;NÞ ¼ 1. For w a Dirichlet character mod q we define
the twisted L-functions

Lðs; f; wÞ ¼
P
nf1

wðnÞbnn�s:

These Dirichlet series are valid for ReðsÞ > 3=2: The completed L-functions defined by

Lðs; f; wÞ ¼
�
q

ffiffiffiffiffi
N

p

2p

�s

Gðsþ 1=2ÞLðs; f; wÞ

have analytic continuations to the plane, are bounded in vertical strips and satisfy the func-
tional equation

Lðs; f; wÞ ¼ wwLð1� s; f; wÞ; jwwj ¼ 1:

The ‘‘root number’’ ww has a simple expression in terms of Gauss sums which we will recall
at the appropriate time. Finally, we have the Euler product

Lðs; f; wÞ ¼
Q
p

�
1� apwðpÞp�s

��1�
1� bpwðpÞp�s

��1
;

where japj ¼ jbpj ¼ 1 for paN and japje 1, bp ¼ 0 for pjN.
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We will average the twisted L-functions over the Galois conjugates of w. More pre-
cisely, let Dq be the group of Dirichlet characters mod q. This is a cyclic group of order
fðqÞ, where f is the Euler-f function. Suppose w A Dq has order fðqÞ=d; d j fðqÞ. Let Q½w� be
the extension of Q generated by the image of w, with Galois group G ¼ GalðQ½w�=QÞ. Thus

Q½w� ¼ Q½z�;

where z is a primitive fðqÞ=d th root of unity, and the Galois group G has order f
�
fðqÞ=d

�
.

Indeed, any s A G is completely determined by what it does to z, and moreover, if s gen-
erates G, the image of z under s may be any one of the f

�
fðqÞ=d

�
primitive fðqÞ=d th roots

of unity.

We define

wavðnÞ ¼
1

jGj
P
s AG

wsðnÞ

and

~wwavðnÞ ¼
1

jGj
P
s AG

wwswsðnÞ:

Note that for a generator g of ðZ=qZÞ
, wsðgÞ ranges over the primitive fðqÞ=d th roots of
unity as s ranges over elements of G.

Rohrlich’s idea was to consider

Lðs; f; wavÞ ¼
1

jGj
P
s AG

Lðs; f; wsÞ

¼
P
nf1

wavðnÞbnn�s:

Exploiting the cancellations in the averaged characters, he was able to show that the Galois
average of the central values is nonzero:

Lð1=2; f; wavÞ3 0:

Then by the theorem of Shimura (see [4], [5]), it follows that each individual central value
must be nonzero.

The idea of our arguments is very similar. The only di¤erence is that we wish to av-
erage over smaller Galois orbits. Therefore there is now less cancellation among the aver-
aged characters. We compensate for this with an additional analytic tool—the mollifier, to
be introduced in Section 3.

We conclude this section with some crude bounds for the averaged Galois characters.

Proposition 1. Let q be an odd prime power and let d j fðqÞ. Let w be a Dirichlet char-

acter mod q of order fðqÞ=d. Then

(i) wavðnÞ ¼ m
�
ordðndÞ

�
=f

�
ordðndÞ

�
,
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(ii)
P

nmod q

jwavðnÞje s1ðd Þ2nðfðqÞÞ,

(iii) ~wwavðnÞe 2nðfðqÞÞþ1s1ðd Þ=
ffiffiffi
q

p
.

Here nðnÞ is the number of distinct prime divisors of n, ordðnÞ denotes the order of n in

ðZ=qZÞ
, and s1ðd Þ ¼
P
ajd

a is the divisor sum function.

Proof. We begin by establishing the following character sum:

P
a A ðZ=cZÞ�

eðka=cÞ ¼ mðc=kÞfðcÞ
fðc=kÞ ; for kjc:ð3Þ

Noting that the value of the summand in equation (3) depends only on the value of
a modulo c=k,

P
a A ðZ=cZÞ�

eðka=cÞ ¼ fðcÞ
fðc=kÞ

P
a A ðZ=ðc=kÞZÞ�

e
a

c=k

� �
:ð4Þ

Then the proof of equation (3) is completed by taking c 0 ¼ c=k in the formula for the clas-
sical Ramanujan sum: P

a A ðZ=c 0ZÞ�
eða=c 0Þ ¼ mðc 0Þ:

Let w be a Dirichlet character mod q of order fðqÞ=d. We compute

wavðnÞ ¼
1

f
fðqÞ
d

� � P
s AG

wsðnÞ ¼ 1

f
fðqÞ
d

� � P
ða;fðqÞ=d Þ¼1

e
�
a=ordðndÞ

�
:

(As before, s ranges over G ¼ GalðQ½w�=QÞ, and ordðnÞ denotes the order of n in the multi-
plicative group ðZ=qZÞ�.) Hence, by equation (3),

wavðnÞ ¼
m
�
ordðndÞ

�
f
�
ordðndÞ

� :
Taking absolute values and summing over n mod q, this becomes

P
1en<q

jwavðnÞj ¼
P

kjfðqÞ
k squarefree

Kfn: nd has order kg=fðkÞ

¼
P

kjfðqÞ
k squarefree

K n:
ordðnÞ�

d; ordðnÞ
� ¼ k

( ),
fðkÞ

e
P

kjfðqÞ
k squarefree

1

fðkÞ

�P
ljd

fðklÞ
�

ð5Þ
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e
P

kjfðqÞ
k squarefree

fðkÞ
fðkÞ

�P
ljd

l

�

e s1ðd Þ2nðfðqÞÞ:

The inequality in (5) deserves further comment. The set



n: ordðnÞ ¼ k

�
d; ordðnÞ

��
is contained in the set

S
ljd

fn: ordðnÞ ¼ klg:ð6Þ

The number of elements in the cyclic group ðZ=qZÞ� of exact order m is fðmÞ, if m j fðqÞ,
and 0 otherwise. Hence a bound for the cardinality of the set in (6) is

P
ljd

fðklÞ:

This establishes the inequality (5).
We have proven the first two parts of the proposition. To prove part (iii), we first

recall the definition of the root number:

ww ¼
ef wðNÞ

q

�P
 wð jÞeð j=qÞ
�2
;

where the sum is over jmod q; ð j; qÞ ¼ 1. Therefore, assuming ðn; qÞ ¼ 1 and nn1 1,

~wwavðnÞ ¼
1

f
fðqÞ
d

� � P
s

wwwsðnÞ

¼ ef

q

P
j;k



e

j þ k

q

� �
1

f
fðqÞ
d

� � P
s

wsðnÞwsðNÞwsð jkÞ

¼ ef

q

P
j;k


 wavðnNjkÞe j þ k

q

� �

¼ ef

q

P
rmod q

wavðnNrÞ
P

jk1r ðmod qÞ
e

j þ k

q

� �
:

Taking absolute values and using the Weil bound on the Kloosterman sum, we get after a
change of variable,

j~wwavðnÞjf q�1=2 P
rmod q

jwavðrÞj:

Now (iii) follows from (ii), and the proof of the proposition is complete. r
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3. The mollifier

The mollifier is a tool for controlling the variations in size of the absolute value of the
central values Lð1=2; f; wÞ as w runs over the set of primitive characters of some fixed
modulus.

First note that the Euler product

Lðs; f; wÞ ¼
Q
p

�
1� apwðpÞp�s

��1�
1� bpwðpÞp�s

��1
;

where japj ¼ jbpj ¼ 1 for paN and japje 1, bp ¼ 0 for pjN, immediately gives us a Di-
richlet series representation for the inverted L-series:

Lðs; f; wÞ�1 ¼
Py
n¼1

cnwðnÞn�s;

where (letting n ¼ kl 2m, ðk; lÞ ¼ ðl;mÞ ¼ ðk;mÞ ¼ 1, with k squarefree, m cubefull)

cnwðnÞ ¼ mðkÞmðmÞwðnÞeNðlÞbk:

Here, eN is the trivial Dirichlet character modN.

We now define the mollifier polynomial of length X to be

MX ðs; wÞ ¼
P
neX

cnwðnÞn�s:

Whereas the Dirichlet series for the inverted L-series converges absolutely only for
ReðsÞ > 1, the mollifying polynomial is an entire function which we hope in some sense

approximates Lðs; f; wÞ�1 at the central point s ¼ 1=2.

For ReðsÞ > 1,

Lðs; f; wÞMX ðs; wÞ ¼
Py
n¼1

anwðnÞn�s;

where

an ¼ anðXÞ ¼
1 if n ¼ 1,

0 if 1 < neX ,

O
�
s0ðnÞ3

�
if nfX ,

8><
>:

where s0ðnÞ is the number of divisors of n. (This final estimation uses the Ramanujan
bound bn f s0ðnÞ:)

4. The approximate functional equation

The central point of the Dirichlet series Lðs; f; wÞ is outside the region of absolute
convergence. There is a general method for expressing an L-function as a rapidly conver-
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gent series at the central point. This method is known as the method of the approximate
functional equation. We apply it to derive an expression for the product Lðs; f; wÞMX ðs; wÞ
at s ¼ 1=2.

Consider the integral

1

2pi

Ð
ð1
2
þeÞ

L
1

2
þ s; f; w

� �
MX

1

2
þ s; w

� �
Y s ds

s
:

(The positive parameters X and Y will be chosen later.) Moving the contour of integration

over to �1

2
� e

� �
to pick up the pole at s ¼ 0, using the functional equation, and then re-

placing the L-function by its defining series in the region of absolute convergence, we get

L
1

2
; f; w

� �
MX

1

2
; w

� �
¼ e�2p=qY

ffiffiffi
N

p
þ

P
n>X

anwðnÞffiffiffi
n

p exp
�2pn

qY
ffiffiffiffiffi
N

p
� �

ð7Þ

þ
P
nf1

P
1emeX

bncmffiffiffiffiffiffiffi
nm

p wðnÞwðmÞww exp
�2pnY

mq
ffiffiffiffiffi
N

p
� �

;

where we have used the Mellin transform

e�t ¼ 1

2pi

Ð
ð1
2
þeÞ

t�sGðsÞ ds:

As in Section 2, let Q½w� be the extension of Q generated by the image of w; with
Galois group G ¼ GalðQ½w�=QÞ. Averaging (7) over G we obtain

1

jGj
P
s AG

L
1

2
; f; ws

� �
MX

1

2
; f; ws

� �
¼ exp

�2p

qY
ffiffiffiffiffi
N

p
� �

þ S1 þ S2;ð8Þ

where

S1 ¼
P
n>X

anwavðnÞffiffiffi
n

p exp � 2pn

qY
ffiffiffiffiffi
N

p
� �

and

S2 ¼
P
nf1

P
1emeX

bncmffiffiffiffiffiffiffi
nm

p ~wwavðnmÞ exp �2pnY

mq
ffiffiffiffiffi
N

p
� �

:

(Here, m is defined by mm1 1 ðmod qÞ if ðm; qÞ ¼ 1 and is zero otherwise.) We choose the
parameters X and Y to be

X ¼ qb; Y ¼ qa

with a; b positive constants b < a to be specified later.

5. Proof of Theorem 1

It remains to show that S1 and S2 are small when the parameters X and Y are ap-
propriately chosen. We begin with S2:
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jS2j ¼
P
nf1

P
1emeX

bncmffiffiffiffiffiffiffi
nm

p ~wwavðnmÞ exp �2pnY

mq
ffiffiffiffiffi
N

p
� ������

�����
f

P
nf1

P
1emeX

bncmffiffiffiffiffiffiffi
nm

p ~wwavðnmÞ exp �2pnY

qX
ffiffiffiffiffi
N

p
� �����

����
f

2nðfðqÞÞs1ðd Þffiffiffi
q

p X 1=2þe
Py
n¼1

1

n1=2�e
exp

�2pnY

qX
ffiffiffiffiffi
N

p
� �

f
2nðfðqÞÞs1ðd Þffiffiffi

q
p X 1þ2e q

ffiffiffiffiffi
N

p

Y

� �1=2þe

:

We have used the Ramanujan bounds bn; cn fe n
e, and part (iii) of Proposition 2. Or,

since X ¼ qb and Y ¼ qa,

jS2jf
N 1=4þe=2

qa=2�bþeða�2b�1Þ 2
nðfðqÞÞs1ðd Þ:ð9Þ

We now turn to the sum S1

jS1j ¼
P
n>X

anwavðnÞffiffiffi
n

p exp � 2pn

qY
ffiffiffiffiffi
N

p
� �����

����
e

P
X<neq

��� j þ P
qeneq c

j j þ
P

q cen

j
���

¼
P
I

þ
P
II

þ
P
III

;

say.

In the first sum, we use the Ramanujan bound on the coe‰cients:

P
I

fX e�1=2 P
neq

jwavðnÞj;

and then appeal to part (ii) of Proposition 2 to conclude

P
I

f
2nðfðqÞÞs1ðd Þ

qb=2�eb
:ð10Þ

Similarly, the Ramanujan bound and repeated applications of part (ii) of the propo-
sition yield

P
II

e
Pbq c�1c

k¼1

Pðkþ1Þq

n¼kqþ1

anwavðnÞffiffiffi
n

p
����

����
f

Pbq c�1c

k¼1

ðkqÞe�
1
2

Pðkþ1Þq

n¼kqþ1

jwavðnÞj

f 2nðfðqÞÞs1ðd Þq e�1=2 Pbq c�1c

k¼1

k e�1=2:
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Assuming that the constant c satisfies 1 < c < 2, we get

P
II

f
2nðfðqÞÞs1ðd Þ
q1�c=2�2e

:ð11Þ

Finally, P
III

f
P
n>q c

ne�1=2e�2pn=ðqY
ffiffiffi
N

p
Þ

f
1

qc=2�ce

Ðy
q c

e�2pt=ðqY
ffiffiffi
N

p
Þ dt

fYq1�c=2þce
ffiffiffiffiffi
N

p
exp � qc�1

Y
ffiffiffiffiffi
N

p
� �

:

Hence

P
III

f exp � qc�1�a�effiffiffiffiffi
N

p
� �

;ð12Þ

provided aþ 1 < c < 2. Further require that 0 < b < a=2. Collecting the bounds from
equations (9), (10), (11), and (12), we get

S2 f
N 1=4þe=2

qa=2�b�e
2nðfðqÞÞs1ðd Þ

and

S1f 2nðfðqÞÞs1ðd Þq e �maxðq�b=2; qc=2�1Þ þ exp � qc�1�a�effiffiffiffiffi
N

p
� �

:

Suppose that s1ðd Þe q g, g < 1=8. Then S1 and S2 go to zero as q ! y under the follow-
ing choice of a; b, and c:

a ¼ 1=2þ b; b ¼ 2gþ 3e; c ¼ 2� 2g� 3e:

Moreover, with this choice of a; b, and c, we see that S1 and S2 are oð1Þ provided

Nf q1�8g�6e:

We have proven

Theorem 3. Let f be a newform of weight 2 for G0ðNÞ with rational Fourier co-

e‰cients and associated L-function Lðs; f Þ. Let q be an odd prime power prime, ðq;NÞ ¼ 1,
and w a Dirichlet character mod q. Then

Lð1=2; f; wÞ3 0;

provided

s1
fðqÞ
ord w

� �
e q g; g < 1=8
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and

qge N
1=ð1�8g�eÞ:

The implied constant depends only on e and g, and s1ðd Þ is the divisor sum function

P
ajd

a ¼ s1ðd Þ:

Now let d be a divisor of fðqÞ. There are f
�
fðqÞ=d

�
Dirichlet characters mod q of

order fðqÞ=d. Hence the number of such characters is less than q=d. Since s1ðd Þfe d
1þe,

there exists a constant Ce such that the condition

s1ðd Þf q g

implies

d > Ceq
g�e:

Therefore, for q a su‰ciently large prime

Kfwmod q: Lð1=2;E; wÞ ¼ 0ge
P

djfðqÞ
s1ðd Þfq g

f
fðqÞ
d

� �

e
P

djfðqÞ
d>Ceq

g�e

q=d

f q1�gþe:

Choosing g su‰ciently close to 1/8 concludes the proof of Theorem 1.

6. Proof of Theorem 2

Theorem 2 also follows quickly from Theorem 3. We first need

Lemma 1. Let w be a primitive Dirichlet character mod pn, p an odd prime. Then,

ordðwÞf pn�1:

Proof. First note that ðZ=pnZÞ� is a cyclic group of order fðpnÞ ¼ pn � pn�1 and

ðZ=pnZÞ�GZ=ðp� 1ÞZ � Z=pn�1Z:

Since a finite group is (abstractly) isomorphic to its dual,

Dpn G ðZ=pnZÞ� GZ=ðp� 1ÞZ � Z=pn�1Z;ð13Þ

where Dpn is the dual to ðZ=pnZÞ�. (In other words, Dpn is just the group of Dirichlet
characters mod pn defined above.)
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The imprimitive characters in Dpn are those induced from characters on ðZ=pn�1ZÞ�:
Hence there are

fðpn�1Þ ¼ pn�2ðp� 1Þð14Þ

imprimitive characters in Dpn and

fðpnÞ � fðpn�1Þ ¼ pn�2ðp� 1Þ2ð15Þ

primitive characters.

By virtue of the isomorphism 13, we may identify Dirichlet characters in Dpn with
pairs ðw1; w2Þ, where w1 is an additive character of Z=ðp� 1ÞZ and w2 is an additive char-
acter of Z=pn�1Z. There are fðpn�1Þ ¼ ðp� 1Þpn�2 additive characters on Z=pn�1Z of
order pn�1. Therefore there are ðp� 1Þ2pn�2 pairs ðw1; w2Þ as above of order at least pn�1.
By equation (14) an imprimitive character in Dpn can have order at most pn�2ðp� 1Þ. It
follows that the ðp� 1Þ2pn�2 Dirichlet characters of order at least pn�1 must all be primi-
tive, and by equation (15) these must account for all the primitive characters in Dpn . r

But Theorem 3 ensures that Lð1=2; f; wÞ is non-zero provided

ordðwÞg ðpnÞ7=8þe:

Equivalently, we need

pn�8�8neg 1:ð16Þ

(The implicit constant depends on e and N.) Following the notation of Theorem 2, denote
by hðpÞ ¼ hf ðpÞ the smallest kf 0 such that Lð1=2; f; wÞ3 0 for all primitive Dirichlet
characters of conductor p j with j > k. From (16) we see that hp f 1.
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